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TRANSFINITE MULTIFRACTAL DIMENSION SPECTRUMS

STANLEY C. WILLIAMS

ABSTRACT. The first order theory of the decomposition of measures with re-
spect to dimension which has been developed by Kahane, Katznelson, Cutler,
and others is extended through transfinite recursion to a wi-order theory. Nec-
essary and sufficient conditions for a finite regular Borel measure on [0, d]“!
to be a wi-order multispectrum for a finite Borel measure on R? is given.

1. INTRODUCTION

The purpose of this paper is to introduce a theory of transfinite multispectral
decompositions of measures with respect to dimension which is the transfinite ver-
sion of the first order theory that is present in the work of Cutler, Kahane and
Katznelson. The main goal is to identify the set of all possible w;-order multispec-
trums. The first order version of this theory has been given by Cutler in Corollary
4.4.1 of [4]. Kahane and Katznelson, in the examples of [10], have also indicated
some special specifications of unidimensionality of the kernel obtained in the first
order decomposition. In this paper a complete characterization of possible wi-
multispectrums in R? in terms of ‘basic multispectrums’ will complete certain ideas
started by Kahane and Katznelson in their examples. More generally, necessary
and sufficient conditions for a finite regular Borel measure on [0,d]“! to be the
wi-order multispectrum of a finite measure in R4 will be given in what shall be
called the Multispectral Theorem (Theorem 9.2). The paper is divided into several
sections. Section 2 reviews the first order decomposition theory as given by Cutler,
Kahane and Katznelson. Other types of first order multifractal formalisms can be
found in Michon/Peyriere [13], Olsen [14], and Holley/Waymire [6]. In Section 3,
the transfinite multispectral extensions, a-order multispectrums, and a-order lo-
cal dimension maps are defined. Section 4 gives the First Version of Necessity of
the Multispectral Theorem. Section 5 introduces the ideas of basic multispectrums
and gives the Second Version of Necessity of the Multispectral Theorem. Section
6 introduces some linearity results and closure properties of the set of all w;-order
multispectrums and ends with a uniqueness characterization for a measure being
the a—order multispectral extension of a specified measure. Section 7 begins the
investigation of sufficiency by considering random multiplicative cascades in certain
ultrametric spaces. That section ends with Theorem 7.7 which states that if certain
filtration systems can be found, then randomly generated measures give all the ‘bits
and pieces’ needed in proving sufficiency. This uses the dependent cascade theory
of Waymire and Williams in [19]{21][18][20] which fits into the positive martingale
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theory of Kahane found in [8][9]. These processes are generalization of the Mandel-
brot martingales studied by Kahane and Peyriére in [11]. Section 8 shows that all
the filtration bases needed in Section 7 can be constructed. Finally Section 9 gives
the complete statement of the Multispectrum Theorem for R? (Theorem 9.2).

2. FIRST ORDER THEORY

Let (T, p) be a fixed compact metric space, and M (T') be the set of all finite
Borel measures on T'. For each y € M (T),t € T, and a € (0, 00], the a-potential
of i at t, US(t), is the integral [ p(t,s)”*du(s). The a-energy, I%, of u is defined
by [Ug(t)du(t). A Borel subset E of T'is said to have positive a-capacity if there
exists a measure g € M (X) so that the I < oo and p(E) > 0. The set E is said
to have null a-capacity if no such measure exists. The capacitarian dimen-
sion of E, ¢(F), is defined to be the inf {a € [0,00) : F has null a-capacity} =
sup {a € [0,00) : E has positive a-capacity}. The Hausdorff dimension of a set is
known to be the same as its capacitarian dimension. See Kahane [7] (p. 133). Two
obvious facts about the function 1 are:

(1) If A C B, then ¥(A) < ¢(B).
(2) ¥(JA;) =supy(4;) for any countable collection of Borel sets {4;} .

Associated with the dimension function % is the local dimension function
®: M (T) x T — [0, 00] defined by

®(p,t) = inf {a € [0,00) : U (t) = o0} .

This function is almost equal to the dimension concentration map studied by
Cutler [4].

Our first task is to review and expand on the theory concerning the local dimen-
sion function ® and the kernel decomposition associated with it. This theory is
called the first order theory of decompositions with respect to dimension.
In particular, the first two parts of the next theorem (Theorem 2.1) can be found
in the papers by Kahane and Katznelson (Lemmas 2 and 3) [10] and by Cutler [4].
Part 3 follows easily from the first two parts and implies a certain linearity. (See
Theorem 6.1). Further, part 3 implies, in the case ¥(T) < oo, the fact that the
dimension-moment functional ¢* : M+ (T) — [0, 00) defined by

(2.1) () = / B, ) du(t)

is linear, in the sense of additive and positive homogeneous, and that v can be
essentially recovered from ¢*. See Conway [3] (Theorem 5.12). Some relationships
between strong linear functionals on M ¥ (T) and set functions has been studied by
Mauldin [12]. See also Remark 9.3.

The collection of all continuous real-valued functions on 7" will be denoted by
C(T). The weak* topology on M+ (T) is the weakest topology which makes the
functionals ‘u — [ fdu’ continuous for all f € C(T). The Borel field of M™*(T')
with respect to the weak* topology will be denoted by B(M™*(T)). The product
topology on M (T') x T where the topology of the first factor is the weak* topology
and the second is the metric p-topology will be called the weak topology. Let N
denote the natural counting numbers.

Theorem 2.1. The function ® is weakly Borel and for x € [0,00], and for p,
ve M (T):
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(1) the dimension of ®(u,-)~1[0,2] is < =z,

(2) if K is a Borel subset of ®(u,-)" (z, oo] and p(K) > 0, then the dimension
of K is > x,

(8) if v < p, then v-a.e., ®(v,-) = (u,-).

Proof. For z > 0, @~ (—o00,z) = {(u,t) : Iy < z, y rational, s.t. UY(t) = oo}
{{p,t) : Jy < z, y rational s.t. VM € N,IN e N, s.t. [(p~ st)/\N)du(s) M}.
Slnce the map (s, t) — p~¥(s,t) A N’ is uniformly continuous on T' x T', {u,t) —
[p7Y(s,t) AN du( )’ is weakly continuous. Thus & is weakly Borel.

Part (1) is essentially Lemma 3 of [10]. Let F, = {t : UJ(t) = oo}. Lemma
3 of [10] states F, has null y-capacity and so the dimension of F), is less than or
equal to y. But ®(u,-)~1[0,2] C F, if y > z. By property 1 of ¢, the dimension of
D(p,-)71[0,2] is < y for all y > .

For (2), note that for every t € ®(u,-)~!(z, 00|, there exists a a; > x so that
Ujt(t) < oo. Let Ay denote the Borel set {t € K : UI+M71(t) < M}. Easily,

there exists an M < oo, so that pu(Aps) > 0. Thus, IifAM < oo, implying by the

definition of 1 and property (1) that xz + M =1 < ¢(Ay) < P(K).
For (3), note for any real x, part (1) implies ®(u,-)~! [0, x] has dimension < x,
implying by part (2) that

(2.2) v((®(p, )1 [0,2]) N (@(v, )~ (2, 00])) = 0.
Likewise, u((®(v,-)~* [0
(2.3) V(B )1 0,2]) N ({1, ) 00])) = 0.
Combining (2.2) and (
v((@(v, )7 [0, 2]) N (@, ) 7" [0,2])) = 0,
from which follows (3).

,2]) N (@ (i, )~ (z,00])) = 0. Since v < p, this last implies

2.3), we obtain for all x,

It is not hard to show that for any p and v in M™(T),
(I)(M +v,) = (I)(M7 JA q)(yv )

The function ® allows us to define a first order dimension spectrum and a first
order spectral extension distribution for any p in M*(T).

Definition 2.1. The function o : M*T(T) — M™([0,00]) defined by o(u) = po
®(p, )t is called the first order dimension spectrum map. The measure
o(p) is called the first order dimension spectrum of y. Define the first order
extension map K : MT(T) — M+ (T x [0,00]) by

K(p) = po ((id, ®(u, ) ™"

where id : T — T is the identity on T' and where (id, ®(u, -)) is the function from T'
into T x [0, oc] defined by (id, ®(u, -)) (t) = (t, P(u,t)). The measure K (u) is called
the first order spectral extension distribution of u.

The measure o (i) is called the Kahane/Katznelson spectral measure in [21] and
the dimension measure of p by Cutler. It will be shown in Theorem 6.1 that
Theorem 2.1 part (3) implies both o and K are strongly continuous and linear.

The following two definitions are made for notational convenience:
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Definition 2.2. If ¢ : (T,p) — (X,X) is a measurable map and u € M*(T),
then a decomposition kernel of ; with respect to ¢ is a o ¢~ !-essentially
defined map ‘z — pg—,’ from X into Pr (T') which is (X, X) to (M (T, B (M*(T)))
measurable and satisfies: for any bounded B(T) x (X,X) measurable map G :
Tx X — R,

[etowdne = [[ 6t dus b dn (o).

Other notations used for this kernel are: (ug=z), o and (u(:|¢ = 7)), cx-

If 14 is a probability measure and X is a compact metric space with ¥ = B(X),
then ‘c — ug—,’ is a regular conditional probability. See Proposition 46.3 in
Parthasarathy [15]. A special case of the above disintegration in product spaces of
compact metric spaces gives rise to the following:

Definition 2.3. If both (T, p) and (X, o) are compact metric spaces, mp and mx
are the coordinate projections of 7" x X onto T and X respectively, and pu €
M™(T x X), then the factor decomposition kernel of p with respect to mx
is the p o my -essentially unique map ‘z — p,’ from X into Pr(7) defined by
Py = Mryx=z O w;l, where ‘c — pr,=, is the decomposition kernel of p with
respect to mx as in Definition 2.2.

Finally, it is convenient in places to represent measures through integrals of
measures. The following notation will be used:

Definition 2.4. Let (T,p) be a compact metric space, (X,X) is a measurable
space, and ‘z — p;’ is a (X, X)) to (M™(T), B(M™*(T)) measurable function and &
is a finite measure on ¥ so that ‘z — um(T) is in L!(k), then the unique measure
w € M*(T) so that for every H € C(T

/Hdu //H Vi (£)drs ()

will be called the weak* integral, w*- [ p,dr(z).

Easily, p = w*- [ ptp=gdp 0 71 () in the setting of Definition 2.2.

For each y € MT(T), let ‘o — K(u), denote the factor kernel of K(u) with
respect to the projection ¢ : T' x [0, 00] — [0, o0]. Clearly, for o(p)-a.c~z, K(1), =
Hap(p, )=z Where ‘T — pg(u.)=, is the decomposition kernel of p with respect to
(I)(:ua )

The following theorem is one of the spectral decomposition theorems of Ka-
hane/Katznelson and of Cutler, and forms the second main theorem of this section.

Theorem 2.2. Let y € M¥(T), 0 = o(p) and let ‘s — K(u)s’ denote the factor
kernel of K(u) with respect to the projection ¢ : T x [0,00] — [0,00], s € [0, 0].
Then the following are true:

(a) p=w*-[ K(pu)sdo(s) where w*-[ K(u)sdo(s) is a weak* integral,

(b) for all x € [0, 00|, the measure w*—f[oﬂ K(u)sdo(s) is supported on a set B
with (B) < x

(¢) the measure w* —f(m)o] K(u)sdo(s) gives the set A measure zero if W(A) < x.

Further, if ¢ is a ﬁnité Borel measure on [0,00] and ‘¢ — v, is a weak* Borel
map from [0,00] into the probability measures on T so that (a), (b), and (c) are
satisfied with o being replaced by ¢ and the kernel ‘c — K(u),  being replaced by
‘v — v, then ( =0 and (-a.e.-x, v, = K(i)y.
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Definition 2.5. A measure p in M (T) is said to be unidimensional of dimen-
sion z if () = 8,.

More can be said concerning Theorem 2.2: for instance, Cutler has shown that
the image of o is M ([0, d]) in the case of T = [0, 1]%. Kahane and Katznelson have
shown in the examples of [10] that there exists u so that the K (u)s are unidimen-
sional of dimension g(s) where g is certain classes of functions. However, they do
not specify all the possible examples of what the kernel (K (u),), can be even in
the cases where all the K(u)s are restricted to be unidimensional. (what is called
in this paper simple order one unidimensionality of order one. See Section 5). We
shall attempt to answer this question by repeating the decomposition done above
transfinitely and determining necessary and sufficient conditions for a measure to
be what will be called a transfinite multispectrum. To do this we need the following
first order lemma which is an induction lemma for the transfinite case. It should
be noted that all the parts of this lemma have been proved by Cutler in sections of
[4].

Theorem 2.3. For any p € M+ (T), the following three statements are true:
(1) For o(u)-a.s.-s, K(u)s is supported on a set B with y(B) < s.
(2) If x is an atom of o(u), then K(u), is unidimensional of dimension x.
(8) If p is supported on a set C' of dimension < x, then for o(u)-a.e.-s, s < x.

Proof. Let D denote a countable dense subset of [0, co]. By Theorem 2.2 part (b),for
each x € D there exists a Borel set B, of dimension x so that w*_f[O,z] K(w)so(u)(s)
is supported on B,. For every x € D, for v-a.e.-s < z, K(u)s is supported on B,.
That is, for v-a.e.-s, K(u)s is supported on (\{B, : * € D and s < z} which by
property 1 of ¥ implies part (1).

For part (2), note if « is an atom of o(u), then K(u), is absolutely continuous
with respect to u. Thus by Theorem 2.1 part (3), ®(K (i), ) = P(u, ), K(1).-a.s.
Since K (), is supported on ®(yu,-)~1{z}, it follows that K(u),-a.s., ®(u,-) = =
from which follows, ®(K (11),,-) = x, K(u)z-a.s. Thus K(u), is unidimensional of
dimension z.

For (3), note: since u is supported on C,

o(p)(x,00] = <w K(u)sda(u)(5)> (@)

(z,00]
which by Theorem 2.2 part (c) equals 0.

This sections ends with some facts which will be referenced as needed in later
sections:

If v and p are finite measures in M (T') with v < p and ¢ is as in Definition 2.2,
then vo¢p™! < pop™!, and for vodt-a.e-z, vp—y <K py—y. Further, if T =Y x Z,
then v o 7r§1 L po wgl and for the factor kernels of v and p with respect to the
projection 7z, we have v o ﬂgl—a.e.—z, v, < . (In fact, if ‘(y,2z) — G(y, z)’ is the
Radon-Nikodym derivative of v with respect to y, then ‘z — [ G(y, 2)dp-(y) is the
Radon-Nikodym derivative of vor,! with respect to pow,', and for vor,'-a.e.-z,

(2.0 y— Gly,2)- { / G(y,Z)duz(y)}_l

is the Radon-Nikodym derivative of v, with respect to p..)
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Let T and X be compact metric spaces, ¢ : T'— X and ¢ : T — X be Borel mea-
surable functions, and p € MT(T). If for every h € C(T x X), [ h(t, (t))du(t) =

J h(t,(t))du(t), then p-a.e.,
(2.5) b=1.
Also in this setting, if id : T — T is the identity map, ¢ : T — X is measurable

as above, (id,¢) : T — T x X is defined by (id, ¢) (t) = (¢, ¢(t)), and p € M*(T),
then for po ¢ '-a.e.-x,

(2.6) o = (1o (id, 0) ")

where ‘v — pg—;’ is the decomposition kernel of ;1 with respect to ¢ and ‘z —

(u o (id, ¢>_1> ’ is the factor kernel of u o (id, ¢>_1 with respect to the projection
xX
X .

x

3. DEFINITION OF TRANSFINITE MULTISPECTRUMS

In order to abstract all the information out of the induction lemma, a transfinite
sequence of spectral extensions will be defined for each u € M*(T).

Let wy be the first uncountable ordinal. Using the usual von Neumann ordinal
definition, (see pages 82 and 84 of [1]), if «, 8 are ordinals, then o < 3 if and only
if o € 8. Further there is a 0" ordinal, . For any ordinal o, a = {y: v < a}
and [0, 00]* is the product space which has the ordinals less than « as indices and
factors [0, 00]. Elements of [0, 00]® are denoted by bold letters s, u, etc. and also
by the bracket notation (s)_ _, and (u,) _,. Often if a boldfaced letter such as s
is mentioned as an element of [0, 00]®, and v < «, and a non-bold ~-indexed letter,
Sy, is mentioned in the same context, then the relationship s = (s,)_ _, is assumed
to hold and the non-bold letter is taken to be the coordinate of index  of the
boldface letter. (Also remember, the lowest index is 0 not 1.)

Definition 3.1 (A Projective System). For each 1 < 8 < « < wjy, define projec-
tion functions 74,5 : T x [0,00]% — T x [0, 00]? by

Ta,B <t, <57>7<a> = <t, <5'y>7<g> .

For the purposes of this paper, we let T'x [0, 00]? = T, and 74,0 : T x [0, 00]* — T be
the projection defined by 4 ¢ <t, (54) =t. Also, let 045 : [0,00]* — [0, 00]?

be defined by

<o

004)5 <SV>7<O¢ = <S’Y>ry<ﬁ7

for 1 < g <a Ifse0,00]*and = € [0,00], then s * z denoted the element in
[0,00]%F! defined by 0a+1.a(s* x) = s and the coordinate of index « has value
x. More generally, the following concatenation procedure is defined: if u €[0, oo]*
and v €[0,00]”, then u * v denotes the element of [0,00]**? which satisfies
Oa+p.a(uxv) =u, and for all v < (, the coordinate of u * v of index a + v is
vy. If & € [0, 00], then & will denote the transfinite sequence, indexed by all count-
able ordinals, which is constantly x. Also let {, : T X [0, 00]* — [0, 00]* denote the
projection defined by (, (t,s) = s, and let po = 0, a-

Some obvious relations between the above defined functions are:
(1) Mgy 0Tag =Ta~ and O3~ 0043 =04~ if v< 8 <
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(2) Oapopa=pgif f<a.
(3) Cﬁ O T, = 904)5 0(y if B < a.
(4) map=1d X 0o if B < a.

Definition 3.2 (Transfinite Extensions). Let y € M™*(T). Define by transfinite
recursion, for each ordinal & < wy, a finite regular Borel measure p, on T x [0, 00]*
as follows:
(1) po = p and py = K(p).
(2) For limit ordinals a: If there exists a unique measure v € M (T x [0, c0]*)
so that

(3.1) Hg =vo w;’l for f < a,

then po = v. Otherwise set o, = the zero measure in M+ (T x [0,1]%).

(3) For successor ordinals, « = 8+ 1 with 3 > 0: If ug € MH(T x [0, 00]?)
and there exists a unique measure v € M+ (T x [0,00]%) so that for all H €
C (T % [0,00]%)

(3.2) /Hduz//H(t,s*x)dK(u57s)(t7x)du5oggl(s)

where ‘s —pug s’ is the factor kernel of ug with respect to (g, then p, = v.

Otherwise, set o = the zero measure in M ¥ (T x [0, 00]%).
The measure s, is called the o' order multifractal spectral extension measure
of u, or the o multispectral extension of . The measure o, () defined by
oo(pt) = pa o (1 is called the o' order multispectrum of p. For each a <
wi, we define the o'" order multifractal spectral extension map (-), from
MH(T) into MH(T x [0,00]%) by ()a(t) = fta. Also we define the o' order
multispectrum map, o, or 0,(-), by 04(-) (1) = oo ().

Theorem 3.1. For each p € M*(T), the transfinite sequence, {(fia)y<,, 5 well
defined with pe a finite reqular Borel measure on T X [0,00]%, and the sequence
satisfies and is uniquely determined by the three conditions:

(1) po =p and p1 = K(p).

(2) For limit ordinals a: fig © wglﬁ =pg if B < a.

(3) For successor ordinals: o = 3 + 1, statement (3.2) is true for v = .

Further, for 1 < a < wy,
(3.3) fho © W;lﬁ =pg if B < a,

and if 1 < o < wy, then there exists a (u-essentially unique) Borel map ¢y : T —
[0, 00]* so that

(3.4) o = 11 (id; Gpa) "
If v < i, then for 1 < a < wy,
(3.5) bva = Gp,a, V-a.e.

Proof. First we show that (a),<,, is well defined. For any function f, let dom(f)
denote the domain of f and im(f) denote the set {f(x) : € dom(f)}. Let
M = MHT)U U <cqew, MT(T x [0,00]%) and DOM = {f : f is a function so
that dom(f) is an ordinal < w; and im(f) C M}. By convention, DOM includes
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the empty function (. Let 0, = the zero measure of M*(T x [0, 00]*). For fixed

€ M*(T), we build the obvious function Ext : DOM — M : for f = (ug)s_,,

v, if o is a limit ordinal and v uniquely satifies (3.1).
) v, ifa= 341 and v uniquely satisfies (3.2).
Ext(f) = py if =0 (e, (ug)gey =0)
0., otherwise.

Since the function Ext progresses through M for dom(f) < wi, the principle
of transfinite recursion implies there exists a unique function with domain w; + 1
and values in M, which we denote by (uq) , so that Ext({(1g)s<a) = fa for all
a<wi.

Second, note statement (2.5) implies: if the function ¢, . of statement (3.4)
exists at all, it is p-essentially unique.

Third, note Ext(f) € M+ (T x [0, 00]%™)) for 1 < dom(f) < wy. This implies
e is a finite regular Borel measure on T' x [0, 00]* for 1 < a < wy.

We now prove, by induction, the statements (3.3), (3.4), and (3.5) for the case
a < wp and that statement (3.2) holds with p, = v at successor a.

First o = p € MT(T) and py = K(u) € MT(T x [0,00]). By definition of
K, u=K(u)o 7r1_7(1J. So statement (3.3) holds for a = 1 and is vacuously true for
a = 0. Further, statement (3.4) holds with ¢, 1 = ®(x,-). Equation (3.5) follows
from Theorem 2.1 part (3), for &« = 1. Also statement (3.2) is true for v = p; since
= K(p).

Induction hypothesis for o < wy: for each v < 8 < «, the equations (3.3), (3.4),
and (3.5) are true if « is replaced by 3, and 3 is replaced by ~, in those equations.
Statement (3.2) holds at successor ordinals less than «. As a further induction
hypotheses, suppose that for all v < 8 < a, p-a.e., ¢pu~ =050 @dp 3.

Case: « is a limit ordinal.

The induction hypothesis implies (ug)

alw;

sea satisfy the Kolmogoroff consistency
conditions. Thus there is a unique Borel measure v € M (T x [0, 00]%) satisfying
condition (3.1), uo = v, and statement (3.3) holds.

An easy exercise will show the relations ‘¢, y = 03~ 0 ¢, 5, p-a.s.for v < 8 < o’
p-uniquely defines a Borel function ¢, : T — [0,00]* so that for all 8 < «,

b8 = 00,50 Gua. For any Borel subset, B, of T x [0, 00]?,
pa(nshB) = pa(B)
= polid, dup)” (B)
id, (05 © Ga)) " (B)
id, pp0) " (m; 5 B)

where the first equality is due to statement (3.3) already shown for this «, the second
equality follows from statement (3.4) assumed in the induction hypothesis, and the
third is the defining relation of ¢, ., and the fourth is an obvious manipulation
of coordinates. Since {TF;%(B) : B < aand B € B(T x [0,00]%)} generates the
Borel sets on T x [0,00]® in this limit ordinal case, statement (3.4) is true for «.
Let v <« p. Since the function ¢, o is v-uniquely determined by the stability of
coordinates, the v-essential equality ¢, 3 = ¢, g for 8 < a, implies the v-essential
equahty ¢;L,o¢ = ¢1/,o¢~
Case: o = 3+ 1 for some (.

po
o
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By hypothesis, ug € M+ (T x [0,00]?). The factor kernel ‘s —pups’ of pg with
respect to (g exists! and can be chosen to be weak* Borel. Since ® is weakly Borel
(Theorem 2.1), the function K is weak* Borel. So, the function ‘s =K (ugs)’ is
weak* Borel with these choices and takes on values in Pr(T" x [0,00]). It follows
that there is a unique finite regular Borel measure, v, on T’ X [0, c0]%, so that (3.2)
holds,? and g = v. By the induction hypothesis, there is a Borel @u,3 SO that
statement (3.4) is satisfied for 8. For any H € C(T x [0, o0]%),

[ Hane = [ [ 1w a2 o 65w

_ / / H(t, us ® (0, t))dpsu(t)dus o (5 (u)

where the first equality is by definition of Ext, and the second equality is by def-
inition of K. But by definition of the factor kernel ‘u — pg .’ and by statement
(3.4) for 3, the last expression becomes [ H(t, . 5(t) * ®(1p,0, 4t),t))dp(t). Now,
the kernel ‘u — g’ can be chosen to be weak® Borel and the function ¢, g is
Borel, and so the function ‘¢ — @(uﬁ7¢“ﬁ(t),t)’ is Borel given these choices. De-
fine @0 (t) = ¢u.p(t) * ®(1p,4, 5(1), ). By this definition, we extend the induction
hypotheses by ¢~ = Oa,y © Ppu,a for v < .

If v < p, then vgo %‘1 <L pgo Cﬁ_l. Further, (2.4) implies: for vg o (51—a.e.—u,
Vgu < pgu. Theorem 2.1 part (3) implies vg o Cgl-a.e.—u, D(vgu, ) = P(Ug,u, )
But by induction hypothesis, v-a.e., ¢,,5 = ¢,,53. Thus, also v-a.e., ®(vg¢, 5,°) =
®(p,p, 45 °). The last two statements imply ¢,,a = ¢y, v-a.e.

For the case w1, note statement (3.3) being true for all § < a < wy implies there
is a unique Baire measure so that statement (3.3) is true for @« = wy. Since the
Baire measure is finite, and T x [0, 00]“* is a compact Hausdorff, there is a unique
regular Borel measure on T' X [0, 00]“* which extends this Baire measure to the
Borel sets. See Theorem 7.2.8 of [2]. Statement (3.3) is still true for this Borel
extension.

From what we have proven so far, conditions (1), (2), and (3) are true for the
sequence (i) and in fact the measures defined by equations (3.1) and (3.2) are
unique. This implies that there can be only one transfinite sequence which satisfies
(1), (2), and (3).

Definition 3.3. For a < wq, we call ¢, o the o' order local dimension map.

That there is a Baire measurable function ¢, ., : T — [0,00]“* so that the
fact iy, = po (id, ¢u7w1>_1 holds for Baire sets could be proved now if we wished.
Instead, we shall prove in Theorem 4.3 that there is a Borel measurable function
G, SO that p,, = po (id, ¢u,w1>_1 holds true on Borel sets. The specific form of
¢u.w, Will be pointed out there in the proof. Also a uniqueness characterization for

the measures p, in terms of disintegration kernels will be given later in Corollary
6.8.

Corollary 3.2. For 1 < a < wi, and p € M1 (T), the measures o (1) is a well-
defined finite reqular Borel measure on [0, 00]* with

(3.6) fia (T X [0, 00]%) = oo (u)([0, 00]%) = u(T).

LT % [0, 00]? is compact metric for 8 < wi.
2See the first paragraph of Remark 9.3 for a note on measurability of “generalized” K and ®.
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Further for 1 < 8 < a < wq, the consistency condition

(3.7) op(n) = galp) 0 0,
holds and if 1 < 8 < aw < wn, for og(p)-a.e.-s,
(38) e =07 [ o eeura ()

where ‘s — oo (p)s” is the factor kernel of o4 (1) with respect to 0y .

Proof. Since i, is finite regular Borel measure on T' x [0, co]* and the function (,,
is an open continuous map on 7' x [0, 0], 04 (1) = e 0 (5! is a well-defined finite
regular Borel measure on [0, 00]®. Statement (3.6) follows from (3.3) with 8 = 0,
and the definition of o, (). Since pq ow;’g = ug by (3.3), and (g = 0,80 Ca, (3.7)
follows. But for h € C(T x [0, 00]?), and for a < wy,

/ / h(t,8)djug.5(t)dors (11)(5)
— [ hits)dnat.s)
_ / / h(t, 0a5(v))dpta (£)doa (1) (v)
— [ [ ] 1t:5) o st ) (a1 201 5)

where the first equality follows from the definition of factor kernel ‘s — ugs’, the
second equality follows from (3.3), the third from (3.3), and the fourth by definition
of factor kernel ‘s — o0,(u)s’ and making an obvious substitution of s * u for v.
Thus (3.8) follows.

Note if the factor kernel is defined for @ = wyq, then (3.8) also makes sense for
that a. We shall see that p,, has compact metrizable support and so such is the
case. (See Theorem 4.3 condition (1) and Lemma 4.2.)

Corollary 3.3. For1 < a < wi, and p € MT(T),
(3.9) gall) = oo,
and o, (p)-a.e.-s,

(3.10) Has = flg, o=s

where ‘s — a5 the factor kernel of p. with respect to (o and where s —
Mo, o=s 18 the decomposition kernel of p with respect to ¢y . Further if v < p,
then oo (V) € 04 (1), and Vo < fio-

Proof. By definition, (3.4), and the identity (o o (id, ¢p,0) = dp.as
Uoz(/") = Mo © C(;l =Ko <Zd7 ¢u,a>_1 © C;l =Ko ¢;}x'

And (3.10) follows from (2.6). The last statement follows since by Theorem 3.1, if
v <, then ¢y 0 = ¢, v-a.e.

Theorem 3.4. If1 < a < w; and B < wy, for every H € C(T x [0, 00]1F),

(3.11) [ Hanors = [ [ 15 wdioott, wia )s)
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where (o558 15 the Bth-multispectral expansion of Poss and (fa,s) is the

factor kernel of g with respect to (g.

s€[0,00]%

Proof. Fix 1 < a < wy. The statement is trivial for 8 = 0. Suppose the statement
is true for all v < .

Case: f is a limit ordinal.

If hayn € C(T % [0, 00]*T") for some n < 3, then

(3.12) /ha+n O Mot fatndflats = /ha+ndﬂa+n

- / / (1,8 % 1) dptg s (1, 0)do (1) (5)

where the first equality is (3.3) and the second equality is the induction hypothesis.
Using (3.3) but this time with respect to the pair jiqs3 and mg,, and also an
obvious fact about coordinates, (3.12) implies

[ hasnomasnarmdiars = [ [hastos s wdios 75} wdoa((s)

= [ [ Han 0 Rasiin b5 5 V) s 6,¥)dra (1)(9)

Since 3 is a limit ordinal, the Stone-Weierstrass Theorem implies that the ring
{ha+n © Tats,atn @ Patn € C(T x [0,00]*"") and n < S} is uniformly dense in
C(T x [0,00]*"#). And so the case is done.

Case: 0=~ +1.

By the induction hypothesis, for h € C(T x [0, c0]**7),

[ ey = [ [ tos s @i (w0 )(9)

Using Corollary 3.3, the above equality implies: for g € C([0, 0o]*17),

(3.13) [ goasti = [ [ atsxwio (.. wdoa ()(9)

and gq4~(1)-a.e.-s * u,
(314) Ha4~v,sxu = Ha,s:y,u-
Thus for h € C(T x [0, 00]**F),

[rvas = [ [ 1t s 0K o )t 2) 1 () 3)
- / / Bt s 0 2)dK (500 ) (1 2)40 (t10,) (W) (1) (5)

where the first equality follows from the definition of p4 4 and the second equality
follows from (3.13) and (3.14). Applying the definition of ji s, for 5 =+ 1, the
case is done.

Corollary 3.5. For any u € M+ (T), for any a < wy, for o4(i)-a.e.-s,

a1 (,ua,S) = Oa+1 (.U)s

where ‘s — [a,s 15 the factor kernel of o with respect to (o, and ‘s — oat1(1t)s’
is the factor kernel of oaq1(p) with respect to Oay1.o. Further, for oq(p)-a.e.-s,
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Oat1(pt)s-a.e.-z,
Ha,s;1,x2 = Hat1,s%xz-

Proof. This follows easily from (3.11) with g = 1.

Remember if x € [0, o0], then £ is the element of [0, 00]“* which is constantly
in every coordinate.

Lemma 3.6. A measure p € M (T) is unidimensional of dimension x if and only
if oy = p X 6.

Proof. Suppose p is unidimensional of dimension x. Then py = p x 6, by definition
of unidimensionality. Suppose the induction hypothesis ug = p x (6m)ﬁ for 1 <

B < a. If a is a limit ordinal then (3.3) and the uniqueness part of Kolmogoroff
extension theorem implies o = px (6;)". If a = f+1, then for h € C(T x [0, 00]®),

[ = [ [ntsspaxenie)’ o

since pg = p X (6]3)5. Since K (u) = p X 6., necessity follows.
Suppose i, = i X 6z. (3.3) implies the converse.

4. FIRST VERSION OF NECESSITY
Before stating the first version of necessity, the following lemmas should be noted:

Lemma 4.1. Let F be a closed subset of [0,00]“t, for each o < wy, let F, =
021 (pa(F)), and let K be a finite reqular Borel measure on [0,00]“1. Then

(4.1) lim k(F,) = &(F).

a—wi

In particular, if k is supported on F,, for each o < w1, then k is supported on F.

Proof. Let € > 0. Since & is regular, there is an open subset, O, of [0, 00]“* which
is a superset of F' and x(0O) < k(F') + €. Since F' is compact, there is a finite union
of open cylinders, O, so that F C O' C O. Since O’ is a finite union of open
cylinders, there is a countable ordinal -y, so that for any 5 > -, pgl (pg (O/)> =0
Thus,

(4.2) K(F) < k(Fp) < K(0) < k(0) < K(F) + € for B> 7.

Remark 4.1. Lemma 4.1 is not true if the word ‘closed’ is replaced by the word
‘open’.

If & < wi, then let A, denote the set {s € [0,00]“" : VAVG if v < 3, then s, > s
and V6 if 6 > a, then s, = ss}. Easily, A, is a compact metrizable subset of
[0,00]“t. If k is a finite regular Borel measure on [0, 00]“* which is supported on
A, then the decomposition kernel of k with respect to pg is well-defined. Let A,
denote the set {s € [0, 00]“* : VAV if v < § < wy, then s, > sg}. Since decreasing
sequences in [0, 00] which are indexed by elements of wy are eventually constant,
Ay = Uagcw, Da- The set A, is a compact subset of [0, 00]“t, however, unlike
A,, Ay, is not metrizable.

Lemma 4.2. If k is a finite reqular Borel measure on [0,00]“", then the following
three statements are equivalent:

(1) For all o < B < w1, K is supported on the set {s € [0,00]“? : 54 > s3}.
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(2) K is supported on A, .
(3) There is a a < w1 so that k is supported on A,.

Proof. We will show (1) implies (2) implies (3) implies (1).

Suppose (1). Since k is countably additive, for any countable ordinal «, (1)
implies x is supported on the set Ay, = {s € [0,00]* : 5, > s5 if v < § < a}. But
02 tpa(Ay,) = Ay. By Lemma 4.1, « is supported on A, . Thus (2) follows.

Suppose (2). For each a < wy, let g (r) = K({s € [0,00]“" : 54 < x}). Since
k(Aw,) = K([0,00]“1), for each z, (pa(T)),.,, is non-decreasing in [0,00) and
so eventually constant. Let D be a countable dense set of [0, c0], which contains
{0,00}. There is a countable ordinal 6 so that for each z € D, (¢a(2))s< <, 1S @
constant sequence. By the right continuity of the ¢, ’s,

(4.3) for all v > 6, vy = ps.

Let B, = {s € [0,00]** : 5, = s5}. (2) implies

(4.4) for v > 0, Kk-a.e., ss — sy >0,

(where 0o — co = 0 conventionally). Statements (4.4) and (4.3) imply for v > 6,

#(By) = ([0, 00]**) . Thus for any countable 3 > 6, £ is supported on (s, <5 By
By Lemma 4.1, -

(4.5) K is supported on ﬂ B,.
6<y<w1
Statement (4.5) and k(A,,) = ([0, 00]*?) imply (3).
Obviously, (3) implies (1).

Theorem 4.3. For each € M¥(T), the following two conditions are satisfied:
(1) For all a < f < wy, 0y, (11)-a.e.-s,

Sa = 83

where s = ($y) ., -
(2) For each countable ordinal 3, for og(u)-a.e.-s, for every xz € [0,00], if
o541(1)s({2}) > 0, then
Ouwn (N)pﬁ+1:s*m = Ossz
where (05+1(1)s)se[0,00)8 5 the factor kernel of op11(p) with respect to 041,53 and

(0w, (1) pp s 1 =s=a)sxwe[0,00]5+1 15 the decomposition kernel of o, () with respect to

PB+1-
Further, there exists a Borel function ¢, ., : T — [0,00]“" so that

(46) Moy = MO <7’d7 ¢u7w1>_1 :
Ifve M™(T) and v < pu, then v-a.e.,
(4.7) Puwor = Puon -

Proof. Let m = pu(T). For each a < w1, let Ay = {s € [0,00]* : 5, > sp if
v < B < a}. Tt will be shown by induction that for 1 < a < wy, the following is
true:

S(a) : 04(1)(Aa) = m, and o4 (1)-a.e.-8, fiq,s is supported on a set of dimension
< (infy<q Sy).
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For a =1, Ay = [0,00]. So trivially o1(u)(A1) = m. The statement ‘o (u)-a.e.-
50, H1,s, is supported on a set of dimension < sy’ follows from Theorem 2.3 part
(1).

Induction hypothesis: Suppose S(f) is true for 1 < 8 < a.

Case: a is a countable limit ordinal.

Let (7i);=, be a sequence of ordinals converging up to a. Then 63} (A,,) con-
verges downward to A, and

Tali)(Aa) = lim oa ()62, (45,))

by the bounded convergence theorem. But o, (1)(0;}.(A,)) = 0y, (1)(A4,) = m
by (3.7) and the induction hypothesis. Thus o4 (p)(As) = m.

Let 8 < a, by the induction hypothesis og(p)-a.e.-s, pgs is supported on a
set of dimension < inf,.3s,. From this last and (3.8), for og(u)-a.e.-s, oo (1t)s-
a.e.-U, [lqs+uis supported on a set of dimension < inf,.gs,. But this implies
for every 8 < a, cra(,u)—a.e.—<57>7<a, Ha,s 1S supported on a set of dimension <
infy<g sy. Thus for oa(p)-a.e~(sy), _,, Has is supported on a set of dimension
<inf; (inf <, $4) = infgcq sg. S(a) follows.

Case: a = [+ 1.

By the induction hypothesis, og(p)-a.e.-s, ug,s is supported on a set of dimen-
sion < (inf,<gs,) and og(u)(Ag) = m. This and Theorem 2.3 part (3) together
imply: for og(p)-a.e.-s, o1(ugs)-a.e-x, x < (inf,<3s,). By Theorem 2.3 part (1),
op(p)-a.e.-s, 01(1g,s)-a..-T, Ug.s;1,2 is supported on a set of dimension < z. Using
Theorem 3.4, the last two statements imply og41-a.e.-v, pug41,v is supported on a
set of dimension vg = inf <541 v,. S(a) follows.

Obviously S(a) being true for all o < wy implies condition (1). Note condition
(1) and Lemma 4.2 together imply o, (1) is supported on the compact metrizable
subset A,,for some countable . Thus for any f < wy, the decomposition kernel
(0ur (1) pa=s ) g g ey 15 Well defined.

In order to prove condition (2), fix a countable ordinal a. By Corollary 3.5, for
oo(p)-a.e.-s,

01 (Moz,s) = Oa+1 (ﬂ)s
a7s>se[07oo]0‘ is the factor kernel of u, with respect to (,, and where
(Cat1(p S>SE[O)OO]Q is the factor kernel of 0441 (1) with respect to 6o41,o. Further,

for o4 (p)-a.e.-8, oat1(p)s-a.e.-z,

where (u
)

Ha,s;1,x2 = Ha+1,s%xz-

Thus by Theorem 2.3 part (2), ‘for 0, (p)-a.e.-8, 0at1(1t)s-a.e.-x, if oat1(1)s({x}) >

0, then pqs1,, (and therefore pa41s+p) is unidimensional of dimension z’. The

quantification ‘oq41(u)s-a.e.-x, if 0at1(1)s({z}) > 0, then ...’ is equivalent to the

quantification ‘for all z € [0, 00], if oa41(p)s({z}) > 0, then - - -’ since ‘voy1(p)s({z})
> 0’ implies z is in the essential support of oo+1(p)s. It follows from Lemma 3.6

that for o4 (u)-a.e.-s, for every x € [0, 00}, if oa+1(1)s({z}) > 0, then o, (Hat+1,sca:wr)
= 0z. Since Theorem 3.4 and the last statement implies

Ow, (N)s*w = 6s*w X Ow, (Moz-ﬁ-l,s*w) = 6s*w X 6%7

condition (2) is proven.
In order to show (4.6), let oy be a countable ordinal so that o, (1) is supported
on A,,. Let ga, @ [0,00]% Tt — [0, 00]“! be the function defined by ga, (S) = S * 34,
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where s,, is the coordinate of s with index «ag. Easily, for g4,+1(1)-a.e.-s,

(4.8) Tag+2(1t)s = s,

since oy, (1) is supported on A,,. But (4.8) and Corollary 3.5 together imply: for
Oao+1(f)-a.€-8, 01(lap+1,s) = Tag+2(t)s = Osay- Thus fia,11,s is unidimensional
of dimension s,,, and by Lemma 3.6

(49) Haop+1,s501 = Hag+1,s X 6§a0
Let ¢pw, = Jao © Ppay+1- I € C(T x [0, 00]“"), then

/ho(id,q&u)wl)(t)du(t) = /h(mgao0¢u,ao+1(t))du(f)
_ / h(t, Gao (8))dptag+1 (£, 5)
_ / / (8 % Sy ) dbag 1.5 (1)d0a+1(1)(S)
_ / / (% W) dfio 41,8501 (1 W) d00y 1 (1) (5)

- / hp,

where the first equality follows from the definition of (id, ¢, ., ), the second from
(3.4), the third by the definitions of factor kernel ‘s —pq,+1,s" and the definition
of ga, the fourth by (4.9), and the fifth by Theorem 3.4. Thus, this ¢, ., satisfies
(4.6). Since o, (i) is supported on a compact metrizable set, by (2.5), ¢, w, is
essentially unique.

For (4.7), let v < . Let o be a countable ordinal so that oy, (1) is supported
on Aq,. By (3.7), og(p) is supported on pg(Ag, ), and so by the last statement of
Corollary 3.3, og(v) is supported on pg(As,); that is, og(v) (pg(Aa,)) = v(T'). By
Lemma 4.1 o, (v) is also supported on A,,. By definition ¢, o, = gay © Gv,a0+1
and since v-a.e., ¢y 0,41 = Pu,a,+1, it follows that ¢, o, = ¢, v-a.e.

5. UNIDIMENSIONALITY AND THE SECOND VERSION OF NECESSITY

Theorem 4.3 indicates among other things that in the decompositions there is a
level by which unidimensionality is reached, and if unidimensionality is reached it
is conserved.

Definition 5.1. Let x be a regular Borel probability measure on [0, co]“*. For each
v <wiy,let Ky =Ko p;l and let (finY_H)S}Se[Om]W be the factor kernel of k11 with
respect to 6,41.4. The measure x is said to be a 0-order basic multispectrum
if there is a x € [0, 00] so that k = 6z. For 1 < @ < wy, & is said to be an a-order
basic multispectrum if

(1) & is supported on A,,
(2) for each v < «, ky-a.e.-S, K41, is non-atomic, and
(3) there exists a kq-essentially defined Borel function U from [0, co]® into [0, o0

- - - /\3
so that kq-a.e.-s, Ky, —s = 6S*U(S) .

3The decomposition kernel (x,,—s) « exists since (1) is true. Also, this implies kq-a.e.-s,

s€[0,00]
U(s) <infyy<a sy.
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In this case, the measure k, is called the dimension spreading measure or
the dimension diffusing measure and the Borel map U is called the unidimen-
sional map of k. If p € MT(T), and o, (1) is a basic multispectrum of order
«, then p is said to have simple a-order dimension spreading or diffuseness
and to have simple a + 1 order unidimensionality.

There has already been work done on producing measures with simple 1st order
diffuseness. Some results can be seen in the examples of [21] in the case of cascades
with exchangeable generators. Kahane and Katznelson have various examples of
measures with simple 1st order diffuseness for special unidimensional functions U.
See [10]. We will see that all orders of dimension spreading occur (see Section 9).
Simple O-order spreading is just unidimensionality.

Lemma 5.1. If  is a finite reqular Borel measure on [0,00]“! which satisfies
conditions (1) and (2) of Theorem 4.3, then there exists a sequence of non-negative
real numbers (a;); and a sequence of basic multispectrums, (K;),, so that Y, a; < 0o
and kK =Y, a;kK;.

77

Proof. For each countable ordinal 3, let kg = nopgl. Condition (1) of Theorem 4.3
implies that there is a countable ordinal o so that x is supported on the compact
metrizable set A,. (See Lemma 4.2.) Easily,

Raq+1-a.€.-8, Kla+27s{sa} = 17

where “s —kq42,s” is the factor kernel of k442 with respect to o492 o+1. It follows
for k-a.e.-s, there is a first ordinal v(s) < a + 1 so that

(5.1) Fr(s)+L5] e (184(8)}) > 0.
(k1,0 = K1 conventionally.) By condition (2) of Theorem 4.3, k-a.e.-s,
(5.2) S =5 | () * Sy(s)-

Define F, = {s € A, : 7(s) = v}. Since a finite measure can have only countably
many atoms, statement (5.1) implies for k,-a.e.-u, there are only countably many
2 in the real numbers so that u* 2 € F,. It follows from a theorem of Lusin
and Novikov that there exists countably many disjoint Borel functions {Us ;}ien
from subsets of [0,00]" into the reals so that the set {u * Ujl(\u) :i €N, uisin
the domain of U, ;} is k-almost equal to F,,. Let F,; = {ux m) €A, u
is in the domain of U, ;}, and a,; = k(F, ;). Easily, F,,; is a subset of A,, and
> <ot 2i Gy = K([0,00]“1). Define r,; = a;jm(Fw- N-) if ay; # 0. Then
K =Dy i)iay .20 Gifiy,i- Without loss of generality suppose a,,; # 0 for all (v,1).

Now we show that k. ; satisfies conditions (1), (2), and (3) of Definition 5.1.
Clearly, if u € [0,00]7, s is in A,, and s = u* Z for some z € R, then s is
in A,. Therefore, F,; C A,, k,; is a probability measure which is supported
on A,, and (1) is true for the parameter v. Let Ky ;3 = Ky © pgl for each
B < wi. Suppose 3 < 7. Now, k,,; is absolutely continuous with respect to x,
and so K, is absolutely continuous with respect to kg, and for k. ;g-a.e.-v,
K~,i,8+1,v is absolutely continuous with respect to Kgy1,v. See (2.4). Let A= {s €
F, it Kyipy1,s), 1s absolutely continuous with respect to k5415, and ki ; g11.5), IS
supported on {x € R: Ju € F, ; s.t. s [; =u|g and © = ug}}. Clearly k5, ;(A) = 1.
If s € A and K g41|,18 DOt non-atomic, then there exists an u € F,; so that

4where K(Fy,; N -)(A) = k(Fy,; N A).
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slg =ulg and ki, p11s,({us}) > 0. Thus, ki1, ({ug}) > 0,. This implies
v(u) < 8 < v and so u ¢ F,;. Contradiction. Thus for § < =, for k. ;-a.e.-
S, Kv,i,8+1,s|5 1S non-atomic, implying (2) is true for the parameter . Since k- ; is
supported on F, ;, (3) is true for U = U, ;.

The converse of Lemma 5.1 is true also. See Remark 9.1. Putting Lemma 5.1
and Theorem 4.3 together implies the following second version of necessity:

Corollary 5.2 (Second Version of Necessity). If p € M* (T), then there is a se-
quence of non-negative real numbers {a;) and a sequence of basic multispectrums,
(Ki);» so that Y. a; < 00 and oy, (1) = Y, aiki.

6. SOME LINEARITY RESULTS AND A UNIQUENESS CHARACTERIZATION
Before proceeding to the proof of sufficiency, some linearity results will be shown.

Definition 6.1. The set M (X) is a cone in the sense that if y,v € M*(X) and
a,b € [0,00), then au+bv € M+ (X) and MT(X)N—-MT(X) = 0. A subset S of
M™(X) is called a subcone if for every p,v € M (X) and every a,b € [0,00), we
have ap + bv € MT(X).

The following is an easy linearity result. In the case o = 1, it has already been
noted by Cutler.

Theorem 6.1. If1 < o < wi, then (), and o, are linear and strongly continuous.
Theorem 6.1 is a consequence of the following lemma:

Lemma 6.2. Let T be a compact metric space, and (X,3) is a measurable space.
If for each p € M™(T), a measurable function ¢, : T — X is defined so that the

collection { ¢} e+ () satisfies
“if v, thenv-a.e. ¢, = ¢,’
then the function F : M+ (T) — M*(X) defined by F(u) = po ¢, " is linear and
strongly continuous.
Proof. If p € M*(T) and a > 0, then ap < p, implying ¢q, = ¢, ap-a.e. Thus
Flap) = apo 65} = apro 6" = aF(p).
Likewise, if v, u € M (T, then both v and u are absolutely continuous with respect
to p+v. Thus, ¢,y = ¢, p-a.e. and ¢4, = ¢, v-a.e., implying
F(p+v)=(n+v)oduy, =pmod.i, +vod,y,
:,uogb;l—FVO(j);l =F(p)+ F(v).
Thus F is linear. Also, ||[F(u) — F(v)|| = ||(u —v) 0 ¢7L, || < i —vl|, thus F is
strongly Lipschitz.

The following two lemmas and Theorems 6.5 and 6.6 explore some closure prop-
erties of the set of all possible multispectrums.

Lemma 6.3. If p,v € MT(T) and v < p with Z_Z = f, then v,, < p, and for
He -a.e.~(t,8) € T x [0, 00]“1,
dv,,

m(tvs) =f().
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Proof. Since v < p, ¢uyp = Puw, u v-a.e. (See Theorem 4.3, (4.7).) For bounded
Borel H : T x [0, 00]** — R with ¢, = ¢, ., we have

/Hduwl /H (1))t /H o) f(O)du(t) = /H(t,s)f(t)duwl(t,s).

Lemma 6.4. If p € M+ (T) and G is a non-negative o, (11)-integrable function,
then the measure v € MT(T) defined by the weak* integral formula

V= wt / e £G(8)do, (1)(5),

is absolutely continuous with respect to y and g—; =Goduw,-

Proof. Using the definition of v and (4.6) of Theorem 4.3, for any H € C(T),

[ v = [ [ HOGE) 000, (1)) = [ HOG 6,0, ().

Definition 6.2. Let S(7,) denote the set of all wj-order multispectrums of T,
Srp) ={0w (1) : p€ MT(T)}

Theorem 6.5. The set Sir,,) is a strongly closed subcone of M*([0,00]“"). Fur-
ther, if k € S(pp), £ € M1([0,00]“"), and £ < K, then & € S(r,).

Proof. Since o(-), is a positive linear functional on M*(T), S¢r,,) = 0w, (MT(T))
is a subcone of M ™ ([0, c0]“1).

Suppose K € S(z,y), € € MT([0,00]*1), and £ < k. Let G = & and p € M*(T)
so that £ = oy, (1) and let ¢, ,,, be as in Theorem 4.3. By Lemma 6.4, the measure
v defined by the weak* integral w*- [ i, sG(s)dk(s) is absolutely continuous with
respect to p and Z—Z =G o ¢y, - Thus by Lemma 6.3, v, < fie, and

dv,,

i, ( 75)

(6.1) =G o dpuw (t).

For H € C([0, c0]*1),
/Hd0w1 = /H © CUJI dywl = /H(S)G o ¢M7w1 (t>d/'LUJ1 (t7 S)
= [ H o000 (0G0 6 ()

/ HGdo, (1) = / HGdr = / Hd¢

where the first equality is the definition of o, (), the second is (6.1), the third is
(4.6) of Theorem 4.3 as is the fourth, the fifth from the choice of y, and the last by
the definition of G. Thus { = oy, (v), implying £ € S(r,)

Now it will be shown that S ) is strongly closed. Suppose (Ki)io, is a sequence
of elements of S(r,,) which converge strongly to the finite regular Borel measure
k. For each i, let p; denote an M™(T) so that r; = oy, (i;). Now sup; u;(T) =
sup; ([0, 00]“*) < 00, so the sum > 2, 2i 1; converges strongly to an element p of
M™(T). Since (+)., is strongly continuous,

oo

Ow; (:u) = Z 211 0wy (,Uz) = Z %Hl

=1

Thus, Yoo 57k € S(1.p)- Suace/£<<zZ | 2Ky K € ST ).
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Theorem 6.6. If k is a finite reqular Borel measure on [0,00]*“! so that for every
Borel A with k(A) > 0 there exists a ka € S(r,p) 50 that kg < k and ka(A) > 0,
then k € S(t,)-

Proof. For any Borel A C [0,00]“?, let k14 denote the measure which is abso-
lutely continuous with respect to x and has Radon-Nikodym derivative 14. Let
C={AC[0,00]*t: Ais Borel and k14 € S(r,)}. Easily if {4;}5°, is a countable
collection of elements of C, then > >, %Iil A, converges strongly to a finite mea-
sure in M ([0, 00]“*). Since S(r,,y is a strongly closed subcone of M ([0, c0]“?), and
each term of 377, k14, is in Si1p), Yooy arkla, must also be in S(7,,). Since
rlye, 4, < pya %mlAi, Theorem 6.5 implies £lj= 4, € S(r,p) and Uiz, 4 €C.
That is, C is closed under countable unions. It follows that there is an element B
of C so that
(6.2) k(B) = sup k(A).
AecC

It is enough to show x(B) = ([0, 00]**) to arrive at the conclusion of the theorem.

Suppose k(B) < k([0,00]*1). Then x([0,00]**\B) > 0 implying there is a
K[0,00]¥1\B € S(T7p) so that /{[0700]“,1\3([0,00]“’1\3) > 0 and KJ0,00)1\B <K K. Let
G be the Radon-Nikodym derivative of K[ ocj«1\ g With respect to x, and let C' =
{s € [0,00]“*\B : G(s) > 0}. Easily slc¢ < Kjo,0q)v1\B; and so klc € Sirp)-
Thus, BUC € C. But K[O)OO]WI\B(C) = /Q[07oo]w1\3([0,00]w1\3) > 0, implying
k(B UC) > k(B), contradicting (6.2).

The following lemma uses the homogeneity of the operator K to make some small
calculations. The corollary which follows can be thought of as a characterization
of the uniqueness of pu,, which is a transfinite version of Theorem 2.2.

Theorem 6.7. Let o > 1. Suppose v € MT([0,00]%), for each s € [0,00]%, As is
in MY (T) and the map ‘s — s’ is weak® Borel and [ Xs(T)dv(s) < co. Further let
p=w*-[ A\sdv(s) and suppose the following two conditions hold:

(1) K(p) = w*-[ As X b5,dv(s) and

(2) for1<pB<a, forvo 9;715—a.e.—u,

K (w*—/)\sdygaﬂu(s)) = w*—/)\s X bs5dVp,, s=u(S).

Then, for 1 < < a, pg = w*-[ As X 6g)5dv(s).

Proof. That the conclusion is true for 3 =1 is just condition (1).
Induction Hypothesis: Suppose that the conclusion is true for all v < (.
Case: 3 is a limit ordinal.
Let £ = w*- [ As x 64)dv(s). Easily, £o Qﬁ_lv = w*- [ As X 8g},dr(s), which equals
&, by the induction hypothesis. So £ = 13 by uniqueness of Kolmogoroff extensions.
Case: f=~v+1.
By the induction hypothesis, 1, = w*- [ As X &5,dv(s). So

(6.3) Hy O Cv_l = w*—/ |:/ As(T)dvep,, s=u(s) | budv o 9;717(u)
and ji, 0 ¢ '-a.e.-u,

B w*- [ Asdvg,, _ —u(s)
M’Y7u B f)\S(T)dyea,'y:u(s) '

(6.4)
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Using the homogeneity of the operator K, (6.4), and hypothesis (2), we have i o
¢ La.e.-u,

w*- [ A X b5 dvp, —u(s)
6.5 K(pyu) = T

( ) (N’% ) f)\s(T>dV9aW:u(s)
Using (6.3) and (6.5), the case follows.

Corollary 6.8. For 1 < a < wj, the measure i, is the only measure X on T X
[0, 00]* which satisfies the following: For (As >se[0 ooje the factor kernel of A with
respect to (o, and v = X o (1 the following two conditions hold:

(1) K(p) = w*-[ As X b5,dv(s),

(2) for1<pB<a, forvo 9;715—a.e.—u,

K ( /)\ dv, , (s )) _ w*-/)\s X 84y, ,—alS).

Proof. Tf X satisfies (1) and (2), then Theorem 6.7 implies A = p,. All that is left
to show is (1) and (2) is true for pq. It follows from Theorem 3.1 statement (3.3)
and an obvious manipulation of coordinates, that for 1 < § < «,

(6_6) g = fba © 71';’% = w*—/‘ua,s X 69aﬁ(s)dua o C(;l(s).

where “s — pq,s” is the factor kernel of p1, with respect to (o. Since K(u) = pu,
(6.6) (with 8 = 1) implies (1). All that is left is to show (2) is true for p,.
Remember by definition o, (1t) = pia 0 (5! and (3.7) states o3(n) = o4 () 09;’15 for
B < a. First note that (6.6) implies og(u)-a.e.-u,

(67) HB,u = w*‘/,ua,sdaa(ﬂ)Ga,@:u(S)'

By definition of pgy1 and (6.7), for h € C(T x [0,00)7*+1),
(68) [ hdupss = [ [ 0t < 2)aB ()0, 2)dors ) )
//h (w5 2)dK /ua sd0a ()0, +—a(8))(t, 2)dos () (u).

But it follows from (6.6) that
©9) [ i = / [ 1t 01 (5)) e ) 1))
= [ [ ] httow s )i (000, ,-uls)dors 1))

The equations (6.8) and (6.9) together imply (2).

7. MULTIPLICATIVE CASCADES IN CERTAIN ULTRAMETRIC SPACES

In this section, a set valued cascade and an associated multiplicative process
are analyzed in order to show the possibility of producing, in certain ultrametric
spaces, the ‘bits and pieces’ of a-order basic multispectrums needed in Theorem
6.6. In particular we have Theorem 7.7 at the end of the section as the main
theorem. Let b be an integer > 2, T be the product space {0,1,...,6—1}N d >0,
and pa: T xT — [0,00) be the metric defined by pa({t;)re; , (si)ie;) = b~ where

=inf{j : s; # t;}. The function pg is an ultrametric compatible with the product
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topology on T. Let 14 be the dimension function relative to pg and ®4 be the local
dimension function relative to pg. Then 94(T") = d. For a,b € (0, c0),
(7.1) Yo = %m, and &, = %@b.
Let T* denote the set of all finite sequences of elements in {0,1,...,b— 1} with
denoting the empty sequence. For any 7 € T* U T, let | 7 | denote the length of 7.
For either t € T or t € T*, and n an integer less than or equal to the length of ¢,
then ¢ |,, will denote the element in T* of length n which has coordinates equal to
the first n coordinates of t.

Also we let A denote normalized Haar measure on T', where T is viewed as infinite
product group of the finite group Z mod b.

Definition 7.1. Let x be a basic multispectrum of diffuseness order o > 1, with
spreading measure v and unidimensional map U. Let (Pn>Z°:O be a sequence of
partitions of [0, d]* into v-measurable sets so that

(1) Po = {[0,d*},

(2) the o-algebra generated by the set UZO:() P, and the v-null sets is the v-

measurable sets,

(3) for each n, P41 refines P,, and

(4) if AeU,—, Py, then v(A4) > 0.

Such a sequence will be called a positive filtration base for v (or for k). For
any s €[0,d]* and n € Z*, let &,(s) denote the unique element in P, satisfying
s €€,(s). A positive filtration base (P,),., is said to encode a coordinate
induction rule for k if and only if v-a.e.-s, for each § < «a,

w&@ﬂ%ﬂ=ﬂ@)zs
v(En(s)) 7

1 1
and sg — d - limsup,,_, - log,, (m) = U(s),

1
(7.2) so — d - limsup,,_, . —log, <
n

where sg is the coordinate of s of index 8 and s |g= 04,5(s). A function r from
{0} U (Pn)o" into {0} U [1,00) which is 1-1 and (@) = 0 is said to be a transfer
map for (P,);~ . A transfer map r is said to encode an induction initiation
rule if for v-a.e.-s,

d—d- lim logy(r(E.(s))) = so.

A pair ((Pn),~,7) is called a coordinate induction pair for « if (P,), -, is a

positive filtration base which encodes a coordinate induction rule and r is a transfer
(o] . . . o e .

map for (P,),~, which encodes an induction initiation.

Definition 7.2. Given a positive filtration base (P,),- for some basic multispec-
trum & of spreading order > 1, and a transfer map r , for each n > 1, the n** tran-
sition matrix induced by the pair ((P,),_,,7) is the matrix ¢, = (¢n,4,8)4,B
with rows indexed by elements of P,,_1 U {0} and columns indexed by elements of
P, U {0} satisfying: for A € P,,_1 U{0} and B € P,, U {0},

r(B)~'w(B | A) it B#0# A,

— B)"'v(B|A) ifB= A

(7.3) Gn,A,B = L= 2per, T(l B ;f B = g i A:
0 if B£()=A,
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and an initial distribution induced by r, q, is defined on Py U {0} by

(7.4) qo,j0.a1> = r([0,d]*)"
oo =1—7([0,d]*)"

Lemma 7.1. The vector qo defined in (7.4) is a probability vector on {0} UPy and
for all n € N, the matriz q,, defined in (7.3) is a probability transition matriz from
{0} UPn_1 to {0} UP,. Further, for A a Borel subset of [0,d] and B € P,,_1,

v(A|B)= Y r(CW(A]|C)qns.c.
cePy,
Proof. Since r(A) > 1 for A # (), the numbers g, 4,5 and g 4 are in [0, 1]. A direct
check using the definitions will show Y 5 ¢n.a,8 =1 and Y, go,a = 1. Thus the
first statement holds. For the second statement note that

(75) > r(OWA]Clnpo= Y v(A|CW(C]|B).

cePn CcePn
Since for all C' € Py, either C C Bor CN B =), the set {C € P, : C C B} is a
countable partition of B, and v(C | B) =0 for C € {C € P, : CN B # 0}. Thus
the right hand side of (7.5) equals v(A | B).

The sequence of matrices (gn),, allows us to define a distribution for a set val-
ued stochastic process (A, ) where the value of A,, is in {#} UP,, by the consistency
scheme P (Ag = B) = qo,5 and the nth transition defined by

P (An =B, | Ay = B, i< TL) = qn,B,_1,By-

Also this defines a distribution for a real valued stochastic process as the distribution
of the transferred sequence (r (A,))—,. We can use the transferred distribution
on (r(A,)),—, as a generator process for a random cascade (see the paragraph
after Theorem 2.1 of [21], and also Definition 2.1 and Theorem 2.1 of the same.)
The following two definitions give the notation of section 2 of [21] in our coordinate
induction pair setting.

Definition 7.3. Given a positive filtration base (P,,), -, for a basic multispectrum
, let Qp y ~denote the product space [I,cr+ X+, where for each 7 € T,

X = {0} U’P|T Endowing each {0} U, with the discrete topology and Qp, y=
with the induced product topology, Qp P,y 18 a separable completely metrlzable
space. Let F be the Borel field of this €(p j~ . For each 7 € T, let A:
Qep,y = {0} UP; be the 7t coordlnate prOJection. The collection (AT>T€T*
is called the set valued random cascade associated with (P,) " ,. Given a
transfer map r for (P, >n _o» the probability cascade measure generated by
the pair ((P,),—,r) is the measure on the Borel sets of (p )= defined by the
following scheme:

(1) P(Ap) = qo.B if B € {0,]0,00]*}, and

(2) If B, € {0} U P}, for all 7 satisfying |7| < n, then
(7.6)  P(A =B, for |[rf|=n|A, =By for [n|<n)= [[ @na,. ...

TiT|=n

Theorem 7.2. Let ((Pn),—,7) and (A;)_p. be as in Definition 7.3. For each
T € T*, define a non-negative random variable W, = r o A.. The collection
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(W:),er~ is a random cascade with a tree distribution with cascade gen-
erator {(qn) in the sense of Definition 2.1 of [21]. The function valued process,
(Qn : Qp e xT — [07OO)>ZO:07 defined by

Qu(w,t) = [T Wii(w)
i=0

is a multiplicative cascade in the sense of statements 2.2 through 2.4 of [21].

Proof. Transferring back and forth from the set values E and the real numbers r(E)
and letting ¢, (r (Bn) | 7 (Bo),r (B1),-- ,7 (Bn-1)) = Gn,B,_1.5, » (7-3) implies

lgan= Y, r(C)anpo
CePrni1

which is equation 2.1c of [21]. Also equation (i) of [21] follows from the equation:
1 =r([0,d") qo,jo,q)>- Establishing that the transferred distribution satisfies (ii)
follows from (7.6).

We will use the following defined setup throughout this section:

Definition 7.4. Let x be a basic multispectrum of spreading order o« > 1. A
r-cascade-setup is the ordered collection of objects < k, (Pn)o—o, 7y (Ar) cpe
(We)rerer (Qpye o Fy Py (Fadorgs (Qnhpey > where (Py) " is a positive fil-
tration base for k, r is a transfer map for (’Pn>zo:0, <Q<pn>z<>:0,.7:, P> is the prob-
ability space generated by the pair ((Pn),—q,7), (Ar) cp and (W;) .. are the
set-valued cascade and random cascade associated with ((Ppn) 2, 7), (Fn)rey is
the filtration defined by F,, = o-{W; : |7| < n}, and (Qn) -, is the multiplicative
process generated by the pair ((P,),—,,7).

Since r is 1-1, F,, = 0-{A; : |7] < n} also.

One of the most exploited properties of the multiplicative process (Qy)n., de-
fined above is its being a positive T-martingale: That is, (Qn),— is a sequence of
non-negative functions measurable with respect to the o-algebra generated by the
F x B (T)-rectangles® and for each ¢t € T, (Q,, (t)),—, is a martingale with respect
to the measure P. (See [9] and [18] for basic facts concerning positive T-martingales
and sections 1, 2, and 3 of [21] for some theory for positive T-martingales with this
cascade structure.) Perturbations of multiplicative cascades Q),, which preserve the
‘cascade measurability’ and T-martingale properties can be obtained by weight
systems, G = (G;)_ .-, as introduced in Definition 2.2 of [21].

Lemma 7.3. Fiz a k-cascade-setup. Let B be a Borel subset of [0,d]%, and let
F(B) = (F(B)+),cp-, where

[ UBIA) ifAAD,
(7.7) F(B), = { 0 A

Then F(B) is a weight system for the multiplicative process (Qn ) -

5Dan Mauldin has pointed out that joint measurablity is needed here. This was not noted in
earlier work.
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Proof. Fixt € T, and n € N, then
Ep[Qui1(t)F(B)tjng1 | Ful = Qu(t) - Ep[Wijn1 F(B)tjns1 | Ful

= Qn()Ep[r(Atnt1)V(B | Atjns1)la,,, 20 | Fal

= Qn()V(B | Ayn)la,, 0

= Qu(t)F (B,
where the first equality is measurability of @, (t), the second is (7.7), and the third
is Lemma 7.1. That is, ‘(w,t) — Qn (w,t) F (B)tln’ is a positive T-martingale and
for each 7 € T*, F (B), is 0-{W,; : i < n}-measurable and so F (B) is a weight
system for the multiplicative cascade (Qp).

A fundamental property of positive T-martingales (Qy), -, is the following: if
qp = E[Qo] € L' (1) where pp € MT(T), then a.s. (Qnpu),., converges weak* to a
measure Qo (1), (where for each n, @, is the measure absolutely continuous with
respect to p with Radon-Nikodym derivative @, and Q. is a random operator).
See Kahane [9]. In the case u = A, the following notation is adopted from [21] (with
the exception of the use of G_; throughout this paper):

Definition 7.5. Let A denote normalized Haar measure on T. If G is a weight
system for the multiplicative cascade (Qn)re, and G_1 = E [WyGy] € L(N), let
Ag,n denote the random measure QgnA, and Ag,oc denote Qg,ooA. In the case
G =1 (G, =1forall 7), let A, = QnA and Aox = Qoo(N). The measure valued
process (Ag,n) e is said to live if (Ag,» (1)), converges to Ag,o(T) in L'(P). The
process (Ag,n), o living is equivalent to E[\g,o0(T')] = G_1. The process (Agn),
is said to die if )\G,n( ) converges to 0 a.s.

We will also use the auxiliary measures Q¢ and Fg; associated with the mul-
tiplicative cascade with weight system G , G_1 # 0 as defined in section 2 of [21]
(see statements 2.4 and Theorem 2.3 of that paper). We note a basic property of
Pg ¢ here: for each bounded function H : {Y(p y~ ~— R measurable with respect
to o-{W, : |7] < n},

(7.8) /HdPGt =GZlEp[H - HWWGH”]
=0

The following lemma is a restatement of Corollaries 2.1, 2.3 and 2.4 of [21]:

Lemma 7.4. Let G be a weight system for the dependent cascade (W;) . with

G_1 >0, and let a > 0. Then

(1) (Aan)ory lives if and only if for every bounded real valued Borel function H
on Qpyeeo X T

//Hwtd)\thP e //HwthGt BENG

If X-a.e.t, Py (Do o b " TTiso WyiGyji < 00), then (Ag,n)oe, lives.

If X-a.e.-t, Pgy (1imsupn_>oo b1, WyiGypi = oo) then <)\G ) oo o dies.
If M-a.e.-t, Pgy (3 ob® b " [Iig WyiGyji < 00), then P-a.s., )\G)OO gives
each Borel set of dimension < a measure zero.

(5) If M-a.e.-t, P (limsupn_wo b IT0, WyiGypi = oo), then Ag,00 15 SUp-
ported on a set of dimension < a.

TeT

A~~~
= W N
= O =
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The collection of weight systems (F(B)) gep(jo,a+) defined in Lemma 7.3 is ‘dif-
ferentiable’ with respect to v and has a local structure. See [21] for a definition of
local structure.

Theorem 7.5. For each Borel B of [0,d]%, let F(B) be defined as in Lemma 7.3
for a fixed k-cascade-setup, k a basic multispectrum of spreading order > 1. Let v
be the spreading measure for k. Then the following three statements hold:

(1) F(:) has a local structure with respect to v with a version of OF(s) given by

_ [ v(Ar) T sen, if AL #D,
(7.9) OF(s), = { 0 €4 A0

fors €[0,d], and with respect to this choice version we have:
(2) For all s €]0,d]*, OF(s)—1 = 1. For each s € [0,d]®, for allt €T,
Pyp(s),t-a.s., foralln, Ay, = En(s).

(3) If ZZO:() b~ H?:O r(E(s))v(En(s))™! < oo, then the process <)\3F(S))n>zo:0
lives.

Proof. Let F(-) be the measure valued weight decomposition deﬁned by F-(B) =
V(B | A7) - 1a,20. When A; # 0, v(B | Ar) - 14,29 = v(A-)7! [, 1pdv so (1)
follows.

For any s €[0,d]*, F(s)_1 = E[Wyv(Ag)'14,(s)] = r([0,d]*)- P(4y = [0,d]*)
=1. Fix t € T. By statement (7.8),

(7.10) Pop(s) (At = En(s)) = OF (8) 1 Ep(] [ WenOF (8)gnla,,=e.(s))-

i=0
Since 14, =¢,(s) = lsea,,: (7.9) implies
(7.11) OF (8)tjnla,, =¢,(s) = OF(8)¢[n-
Applying (7.11) to the right hand 51de of (7 10), we have Pyr(s),¢(Asn = En(s)) =
OF(s) 1 Ep([1ig WinOF (8)yn) = OF (s)Z10F(s)-1 = 1. Thus( ) follows.
Using the statement (2) already proved, Pyp(s),-a.s.,

Zb‘ HWW@F Jefn = D _b7" H W(s) 7L
n=0

Now apply Lemma 7.4 part (2).
Lemma 7.6. Within the setup of Theorem 7.5, let L = {s €[0,d]™ : {Xor(s)
lives}.

(1) If ¢ is a finite measure on B(L), then [OFd( = def (J OF(s)-d((s)) o defines

n>n 0

a weight system. Further, <)‘j 3ng)n> lives and P-a.s.

n=0

Al OFdc,00 = U)*'/)‘BIF d((s).

If B is a (-measurable subset of L with ((B)
a.s., there is a (random) s €B so that Ay, =

=((L), then A-a.e.-t, Pfa]pdc,t-
En(s) for all n.
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(2) Suppose ¢ is a finite measure supported on the set
(7.12) {s €L:d—d- lim log,r(€x(s)) :so}.

Let ¢ : [0,d]* — R be defined by ¢(s) = so — d - limsup,,_,, = log, %

Then P-a.s.
K(Aforac,00) = w*_/AalF(s)po X 6y(s)dC(8)-

Proof. That [ 9Fd( is a weight system follows from Fubini’s Theorem. Let s €£.
Since <)‘6]F(s),n>zo:0 lives, Corollary 2.2. of [21] implies

Elas(e).oo ({t: ¥, Ay = E(5)})] = / Pose) (¥, Agjn = En(s))AA(D).

This together with part (2) of Theorem 7.5 implies
(7.13) P-a.s., A\gp(s),co--€.-t, Y, Ay, = En(s).

oo

Since ¢ is supported on £, Theorem 2.11 of [21] implies <)\f 81ch,n> lives, and

n=0
P-a.s.
(714) )‘f OFd¢,00 — w*'/)‘a]F(s),oodC(S>'

By (7.13), if {(B) = ((£), then (-a.e-s, P-a.s., Agr(s),o0-a-€.-t, Ju € B (namely
s) so that ¥n, Ay, = &£,(u). Using Fubini’s Theorem and (7.14), the preceding
statement becomes P-a.s., A gpac oo-a-€.-t, Ju € B so that Vn, Ay, = £,(u). But

oo

since <)‘f8]FdC,n> lives, Theorem 7.5 part (1) and this last implies A\-a.e.-t,
’ n=0

P gpqc 4-a-s., there is a (random) s €B so that Ay, = &,(s) for all n.
For part (2), note that the function ¢ is Borel. If a,b are extended reals with
a < b, then

G(a,b) = /1(a7b) o p(s)0F(s)d((s)
defines a weight system by part (1). Let

C(En(s) N~ (a,]))

O={sep  (@d): =2

— lasn — oco}.

Easily by the definition of ¢, if s € C,

: L1{(En(s) N~ (ab) 4
1 1 — = - .
(7 5) 1MSUPy, -, n V(Sn(s)) d (50 (p(S))
The Levi 0-1 law implies ¢(C) = ((¢~*(a,b)). By part (1), l-a.e.-t, Pg -a.s., there
is a (random) s €B so that Ay, = £,(s) for all n. Continuing with this same s,
using (7.12) and (7.15),

1 n
limsup,,_, o - logy, b(—1Fe)n (H Wm) G(a,b)in =c—d ™" p(s).
i=0
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By Lemma 7.4 parts (4) and (5), P-a.s., Ag(a,b), 18 supported on a set of dimension
< b and gives sets of dimension < a measure zero. If {({z}) = 0, then equation
(7.14) implies

AG(—oo@)po + )‘G(w,oo),oo = w*_/)‘BF(S),OOdC(S) = >\f B]F(s),oodC(S)~

The last two statements together with Theorem 2.2 imply for (({z}) =0,

(716) K()‘f BFdC7oo>1T><[O,m] = )‘G(—oo,m],oo =w'- /[0 : )\(?F(s),oo X 6¢(s)d<—(s>

Since there exists a countable dense set D of reals so that ( o ¢~1(D) = 0 and the
cumulative mass distribution of the form of the left hand side of (7.16) are right
continuous, it follows that P-a.s., for all z, the equation (7.16) holds.

Theorem 7.7. Let k be a basic multispectrum of order a« > 1 with dimension
spreading measure v and unidimensional map U : [0,d]* — [0,00]. Suppose that
((Pn)peo.7) is a coordinate induction pair for k so that v-a.e.-s,

(7.17) Zb‘"Hr(&(s))u(é’n(s))_l < 00.
n=0 =0

Let P be the cascade measure generated by the coordinate induction pair. Then the
measure valued process (\n)o—, lives with respect to P and

P-a.s., 04, (Aeo) < K.

Further, if B is a Borel subset of [0,00]“* with k(B) > 0, then P(0y, (Aso)(B) >
0) > 0.

Proof. Let L be as Lemma 7.6. Theorem 7.5 part (3) and (7.17) implies v(£) = 1.

Let Ind = {s €[0,d]* : so — d - limsup,,_,, = log, (W) = sg and

so—d-limsup,, ., +log, (m) =U(s), and d—d-lim, . log, (1(&,(8))) = so}-
Since ((Pn),—y,7) is a coordinate induction pair, v(Ind) = 1.
Fix s € LN Ind. Letting ( = és in Lemma 7.6 part (2), the ¢ for és satisfies

p(s) = sg — d - limsup,,_, %logb (m) =U(s).

This implies by Lemma 7.6 part (2), P-a.s., 0(Agr(s),00)) < (09! = 6p(s). Thus
P-as., v-a.e.-s, if A\gp(s),00 7 0, then Agr(s),o0) is unidimensional of dimension U (s).
For each 8 < a, let <V9a,ﬁ:u>u€[0 G be the regular conditional expectation of v
with respect to the map 6, g. Since v(£) =1, for vo 0;715—a.e.—u, Voo s=u(L) = 1.
Claim ¢: P-a.s. the following two conditions hold:
(0) K(Aso) = w*-[ Agp(s),00 X Osodr(s) and
(1) forI<f<a,vo 0;,1{,-a.e.—u,

K(w*—/Aaﬂ:(s)podu(-)aﬁ:u(s)) = w*—/)\ap(s)m X 55Bdugaﬁ:u(s).
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Using again part (2) of Lemma 7.6, (0) follows from the calculation: for { = v,

¢(s) = so — d - limsup £ log, (ZE?:%Z%%) = so. Similarly for (1), since v(Ind) = 1,

for vo 0;,1{,-a.e.—u, if ( = vp, y=u, then

v(€,(s) | bng=s
o(s) = so — d - limsup,,_, %logb ( Enl Z(L,’n(S) |ﬁ)> = sg.
Thus Claim ¢ holds.

Claim 1 P-a.5., Aoow; = W*- [ Nam(a,,, o (s)),00 X Osdhi(8).

To establish this claim it is enough to show P-a.e., Moo, = w*-[ AdF(s),00 X
bsdv(s), since this and the fact P-a.s., v-a.e.-s, A\gF(s),0c is unidimensional of di-
mension U(s), will imply the claim. But this follows from Claim ¢ and Theorem
6.7 and the fact that P-a.s., Ao = w*- [ Agp(s),c0dV/(s).

Claim & implies 0, (Aso) < & P-a.s. And, for B € B([0,00]“"), Ep[ow, (As)(B)]
= Ep[[5AoF (00, a(5)),00(T)dR(8)] = [ OF _1(0,,a(s))dr(s) = (B), where the first
equality comes from Claim «, the second by Fubini’s Theorem, and the third since
OF_1(0., ,a(s)) = 1. Thus the last statement of the theorem follows.

Remark 7.1. Note that P-a.s., the Borel map ¢ _ ., associated with A, is defined

Asc-a.e. by the formula ¢y__ ., (t) = s * U(s) where s is the unique element of Ind
so that Ay, = Eu(s) for all n, ie., (N Ayn = {Prs,wi (t)} for Ac-a.e.-t, P-a.s.

8. EXISTENCE OF POSITIVE FILTRATION BASES

The existence of positive filtration bases for basic multispectrums which encode
induction rules needs to be demonstrated. The following k-setup will be assumed
throughout this section:

k-Setup: Let x be a basic multispectrum of diffuseness order o > 1, with
spreading measure v and unidimensional map U. We suppose k-a.e.-s, so < d, and
T =1{0,1,....,b— 1} as in Section 7.

Definition 8.1. For each v < «, let S, : [0,d]* — [0,d] be the coordinate pro-
jection defined by S,((sg)g<a) = Sy. Set Sq = U, the unidimensional map
of k. F, is the expectation operator with respect to the spreading measure v.
For each v < o and s € M*([0,d]*), let Hy(s) = v(S;'[0,5,] | Oa,y = s1,)
where s |, is the truncation fq,(s). The map H, : [0,d]* — [0,1] thereby in-
dicated is v-essentially defined and v-measurable. Define H: [0,d]* — [0,1]* by
H(s) = (Hy(s))., ., Foru €0, d)?, let Hé,( | u) denote the cumulative distribution
function of V(Sﬁ_l(-) | 00,3 = u).

Lemma 8.1. If0 =7 <72 < -+ < Ym+1 = a, then v-a.s.,

(8.1) Sy > Sy, if0<i<m-—1,
and
(8.2) Sy, >U=8, ..

Proof. This is an easy consequence of the definition of basic multispectrum of
spreading order o > 1.

Definition 8.2. Let F' be a function from the set X to the set Y, and A C X.
The set A is said to be saturated with respect to F' if and only if A = F~1(F(A)).
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Lemma 8.2. For < a, vo Hg)g-a,e.-u,
(83) Vo, ,_n15:3v sothat v |g=s|s and vs # sg but Hz(v) = Hg(s)} =0
and

(8.4) Ve oHy' =\

«,B=u

where (v, ,_.) 0 is the regular conditional probability of v with respect to 0 3.

uel0,d

Proof. 1t is well known that if P is a non-atomic probability measure on the Borel
sets of R with cumulative distribution function F', then

(8.5) PoF 1t =),
and
(8.6) PH{z:3y#zst. Flx)=F(y)}) =0.

Let A be a universally measurable subset of [0, d]® x R, and for each u € [0, d}?, let
A(u) ={z € R: (u,z) € A}. Forvo 9;)2—&.6.—11 €[0,d)”?,

(8.7) Vo 5 © Hﬁ_l(A(u)) =vp, ,_,({s €[0,d]* : Hs(s) € A(u)})
= Vo, peu({5 €10, : Hy(s5 | s |5) € A(w)})
= Vg, peu ({5 € 10,d]" : Hy(s5 | u) € Au)})
= V9,50 0S5 ({y: Hy(y | ) € A(w)}).

where the third equality follows from the fact ‘for v o 0;,1[,-a.e.—u €10,d", v, 5_.-
a.e-s € [0,d]*, s |3= u’. Since & is a basic multispectrum of order a and 8 < «,
we have v o 0;,1[,—a.e.-u €10,d”, vy, ,_, ° Sgl is non-atomic. Thus, (8.7) and (8.5)
together imply (8.4).

For statement 8.3, note vp, ,_,{s : v so that v |s= s | and vg # sz but
Hg(v) = Hp(s)} = vp, 5_,{s : u =s |3 and 3z so that = # sg but HIB(SB | u) =
Hé,(x | u)} since u = s |g,v0, ,_,-a.s. Letting A(u) = {H;(x |u) eR:3z #x
so that Hé(z |u) = Hé,(x | u)}, ¢ and applying (8.7) and the preceding sentence,
we have vp, ,_ . {s : v so that v 3= s [g and vg # spg but Hp(v) = Hp(s)} =
Vo g © S’El{y : Hé(y | u) € A(u)}. Applying (8.6) to the last equation implies
(8.3).

Lemma 8.3. The o-algebra, o(H), is almost the v-measurable sets. Further, for
each 1 < B8 < a, o-(Hy;y < B) is v-almost 0-(Sy;v < B) = 0-(0a,8)-

Proof. The first statement will follow if the second statement can be proved. For
v < «, we fix the functions H, to be Borel and to be measurable with respect
to 0a,~+1 by changing them, if necessary, with respect to countably many sets of
measure zero. Thus o-(Hy;y < () is contained in the o-algebra generated by
o-(Sy;y < ). Let Hg = (H,),<p. For each § < v, let

Ap = {s €[0,d]" : Ju €[0,d]* so that s [; # u |5 but H,(s) = H,(u) for v < 8}.
We will show that v(Ag) = 0 for all 3 < a. Easily Ag = 0, and so v(A4y) = 0.

6Obviously, A = {<u, Hé(w \ u)> : Jz # x so that Hé(z |u) = H;(m | u)} is coanalytic if Hé

is chosen to be Borel.
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Suppose v(Ay) = 0 for all v < . If 3 is a limit ordinal, then AgN(,_;z A5 =0
and so v(Ag) = 0. f6—7+1 then Ag N AS = {s : Ju so that u [,=s |, and
Uy # 8y but Hy(u) = H,(s)}. By Lemma 8.2 statement (8.3), v(Ag) = 0.

Set Bz = [O d] \U7:7<5A Easily, Bg = {s € [0,d]* : Vu € [0,d]?, if Vy < 3,
H,(s) = Hy(u), then 0, 3(s) = 04,3(u)}. Now, v(Bg) = 1, and since H, is
measurable w1th respect to 6, g for v < 3, Bg is saturated with respect to the map
0u.5. Let C be a Borel subset of [0,d]* which is saturated with respect to 6, 57
and C C Bg. Since C C Bg and C' is saturated with respect to 0, g, C is saturated
with respect to Hpg:

H;' (Hj(C)) = C.

Since Hg(C') is analytic, there is a Borel D C Hg(C) so that V(Hgl(D)) =

(H_l(Hg(C))). Since H_l(D) is in o-(Hy;y < ), C is in the o-algebra gen-
erated by the v-null sets and o(Hy;v < ). It follows that o-(S,; v < B) is a subset
of in the o-algebra generated by the v-null sets and o(H,;vy < 3).

Lemma 8.4. voH ™! = \* where X is Lebesque measure on [0, 1].
Proof. 1t is enough to show that
(8.8) voH lof =)\

for all 1 < 8 < a. Now, Hg = (H,) _; is 0o p-measurable and so there is a
measurable function G : [0,d]® — [0,d]” so that (H,(s)) = G(0q,5(s)). For any
bounded measurable g : [0, d]*+! — R,

Jotvortoo, = [a(H©), i)
= [ [ oGt By, ,_ ()04 (w)
// u) xx)dvy,, ,_, o Hy ()duoé?;’lﬁ(u)

/ / ) 2)dA(z)dv o 6, 5 (u)
= [ [ att,6)), 5+ Dix@I )

where the fourth equality is Lemma 8.2 statement (8.5). Using the uniqueness of
Kolmogoroff extensions and the above, statement (8.8) follows by an easy induction.

v<pB

Definition 8.3. For any v < « and Borel B C [0, 1], define
F,(B)=H '{s€[0,1]*:s, € B}.

For each v < «, let F—, be the o-field {F,(B) : B is a Borel subset of [0,1]}. A
subset A of [0,d]* is called a multi-b*-tile if there exists a finite subset D of «, a

"The o-algebra generated by 0,3 consists precisely of the Borel subsets of [0,d]* which are
saturated with respect to 0, g, since 6, g is the projection of the product of two Polish spaces
onto the first factor.
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finite sequence, (k) of natural numbers indexed by elements of D, and a finite

~yeD?
sequence, <i7>weD7 of numbers with i, € {1,2,...,b"} for each v € D so that
A= ﬂ Fy (1)
yeD

where for each v € D,
I - [0, 6 F] if i, =1,
T (e — DR bR if g #£ 1

The set D is called the index set of A and the sequence (ky), ., is called the

exponent sequence of A. The set [0,d]* is taken conventionally to be a multi-
bk-tile with empty index set (). The index set of the multi-b*-tile A will be denoted
by D(A).

Lemma 8.4 implies: for v1 < v < ... < v, < a, and Borel sets By, By, 7Bn of
[0, 1],

(59) V() F(B0) = [ B

; i=1
Easily, formula (8.9) implies the collection of o-fields {F—, : v < a} is a totally
independent collection of o-algebras with respect to v. Further, (8.9) implies
(8.10) V(A) = b~ Zvena) By

Lemma 8.5. The o-algebra generated by all the multi-b*-tiles and all the v-null
sets is the o-algebra of v-measurable sets. For any multi-b*-tile A with index set
D(A) and exponent sequence <k'v>»yeD(A)7 v <a, and any s €A,

(8.11) logb< M'%E”_S' ) 3 ks

B<y

Proof. Easily H is measurable with respect to the o-algebra generated by the multi-
bF-tiles. The first statement follows from Lemma 8.3. Let A = (Ngcp, Fip(Ip) and

v < a,and D = D(A). Then A = A'N A" where A" = Nsep.p<y F5(8) and
A" = Npep.p>~ F(Ls). Since the collection {F—g : B < a} is a totally independent
collection of o-fields with respect to v, Lemma 8.3 and (8.9) imply v(A | 6(6a,y)) =
v(A| Hg; B <) =Ilpep.s>, AIp)- 1. Thus, for Aa multi-b*-tile with exponent
sequence (ky)_ 4y, for v-ae-s € A, v(A | by =5 |y) = [Isep.ps, b Since
v(A) =[lsep b=Fs. (8.11) follows.

We will now construct a positive filtration base.

Proposition 8.6. If k is a basic multispectrum of order o > 1 with spreading
measure v and unidimensional map U, then there ezists a positive filtration base
(Pn)ory which encodes a coordinate induction rule for k. Further, the filtration
base can be chosen so that for v-a.e.-u,

—d" E, [Sol€i(w)] 0.
(8.12) Z (Hb ) T <

n=0
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Proof. For a fixed k-setup, let 61, 62, ... be a listing of the elements in «, where the
indexing is done with the natural numbers or a finite initial segment of the natural
numbers. Further, choose the indexing so that 6; = 0.

If D is a finite subset of a, then define the extension set, D/7 of D by

D — { D if D= q,
| Du{&} if D#aandi=inf{j:0; ¢ D}.

Let Z denote the integers. For each n > 1, define a function g, with domain
Dom,, = {(A;);—, : Vi <n, A is a multi-bF-tile and Vi < n, A; O A;11} and
with range the set {h: D — Z : D is a finite subset of a} so that g, satisfies the
following two conditions:

(1) The function g, ((A;)_,) has domain D(A,)" where D(A,) is the index set
for A,, and ’ is the extension operator.

(2) For 0 = 41 <72 < -++ < m the increasing listing of the elements of D(A,,)’
and y,41 = a, the elements of the integer valued function g,({4;);_,) are
defined by the following finite recursion formula: for p < m,

g (A7) () = max{k € Z: k+ D ga((AD)) (%)

J:i<p

<d S BSo | A~ n- B[Sy, | Aul)

i=1
+(-3- LB,18,,, ~S5 0 1Aa]>0 T Lp=m)log, n}.

For each n > 1, a function G,, from Dom,, into the collection of sets of multi-b*-
tiles is defined as follows: For (4;)"_, € Dom,, if for all v € D(A,)", gn((A:)" ) (%)
> 1+ kylyep(a,), then set Gy ((As);_;) = {B is a multi-b*-tile : B C Ay, and B
has exponent sequence g, ((4;)7,)}. Otherwise set G,,((4;)1_;) = {A4,}.

Let Py = {[0,d]*}. Foreachn > 1,set P, = {B:3(A;);; € PoxP1x---XPp_4
so that B € G,,((Ai)i1)}. Let Y = {(A;)~, : for each i, A; € P; and A; O Aiq1}.
The set Y is a compact Hausdorff space when given the topology of pointwise
convergence. Since G, ({A;);_,) is always a collection of disjoint multi-b*-tiles which
unions to A,, the following claim holds:

Claim 1. For each n, P, is a finite partition of [0, d]® into multi-b*-tiles and P,, 41
refined P,,.
For any (A;);—, € Y, the definition of g, implies

(8.13) A B[So | Aical =n- B[Sy, | Ani))
=1

+(=3-1g,1s,,, -5, [4n_1]>0 T 1p=m)log; n

Ym

+ (=D gn((Ar-1)i=y) () € [0,1).
J<p
In particular for p =1,

n

(8:14)  ga((Ax-1)i)(M) = =1+d7 (Y Bu[So | Aima] = - B[S, | Ap-a])

=1
+ (=3 15,18, -5, 1 14n-1]>0 T L1=m) log, n
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and for p > 2, subtracting the left hand side of (8.13) with p — 1 substituted for p
from the left hand side of (8.13) (without changing p) and noting the result must
lie in (—1,1), it follows that

(8.15)
9n(<Ak—l>Z:1)(7p) > -1+ nd_lE,,[S'v

Claim 2. For each (4;);°, € Y, for infinitely many i, A; # A;41.

S’Yp+1 | An] + (IOgb n) : 1P:m'

P

Proof of Claim 2 via contradiction: Suppose that (A4;);°, is eventually constant,
that is, there is a integer N, so that for all n > N, A, = Axn. There are two cases:

Case 1: Sp = S, v-as.

In this case, the order of x must be 1 and v1 = 0 and 72 = 1. (Since & is a
basic multispectrum of order o > 1, there is a strict descending of the S; until the
unidimensional map is reached. See Lemma 8.1.) Thus a = 1 = p = m, and the
right hand side of the inequality (8.14) increases like log, n. Since o = 1 = {0} =
D(AN), gn({(ADT_)(7) > 1+ ky1,ep(a,) eventually and so the set Ax must split
for large enough n. Contradiction.

Case 2: The v-probability that Sy # S, is positive.

This hypothesis together with Lemma 8.1 implies E, [So — S, | An] > 0. Thus,
the right hand side of (8.14) is increasing of a linear order. In fact, Lemma 8.1
implies if 0 < p < m, then v-a.s., S, — S, ., > 0. Thus the right hand side of
(8.15) is increasing of a linear order, for 0 < p <m. If p =m, then S, -5, ., >0
and the right hand side of (8.15) tends to infinity at least of order logy n if m > 7
and of a linear order if m = 7. This implies that for some large n, for all 7,
9n({(Ai);_1)(7) = 14+ ky1 ep(a,) implying that a split has to occur. Contradiction.
Claim 2 is established.

Claim 3. For each (4;);°, € Y and for each v < «, there is a N(7) so that for all
n > N(v), v € D(4y).

Proof of Claim 3: There is a integer j so that v = ¢;. By the definition of P,,
8; € D(Ay), if there is at least j i’s less than n so that A; # A, 11. Apply Claim 2.

Claim 4. o-(J,—,Pn) is almost the v-measurable sets.

Proof of Claim 4: Let A be a multi-b*-tile with index set D(A) and exponent
sequence <kV>weD(A)' By Claim 3, for each (4;);, € Y, there is a N so that for
eachn > N, D(A) C D(A,,). Since each time A,, # A, 41 , the exponents k, with
index v € D(A,,) increase by at least 1, there is a M depending on (4;);-, so that
for all n > M, both D(A) C D(A,) and for all v € D(A), ky(A,) > ky where
(K (A">>7€D(An) is the exponent sequence of A,,. This implies for n > M, either
A, CAor A, NA=10. Using the compactness of Y, it is easy to see that there is
an integer n so that for all B € P, either B C A or BN A = (). Easily A € o(P,,)
for that n. Thus o(|J5—, P»r) contains all the multi-b*-tiles. The claim follows from
the first statement of Lemma 8.5.

Since every multi-b*-tile has positive v measure, Claims 1 and 4 together imply
the following claim:

Claim 5. (P,) —, is a positive filtration base for .

Claim 6. The positive filtration base (P,),-, encodes a coordinate induction rule
for k.
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Proof of Claim 6: Since o(|J,—,Pyn) is almost the v-measurable sets, for all
v <a, E,[S, | 0(Pn)] converges to Sy, v-a.s. and E,[S, | 0(Pr)] converges to U,
v-a.s. Let IND be the set of s € [0,d]* at which these two limits exists.

Fix v < @ and s € IND. Since (€,(s)),—, € Y, by Claim 3, there is a N(v) S0
that for all n > N(v), v € D(E,(s)). Let I(s) = {n > N(v) : En(s) # En—1(s)}.
From claim 3 we know I(s) is infinite. If n + 1 ¢ I(s), then &,41(s ) En(s)
implying

1 (UES) [y =51, 1 UEir(8) | Oay =5 1,)
Elog*’( V(En(s)) >Zn+11°g*’< V(Enti(s)) )

Thus,

v gn S ea_»y =S
w1 %$#%<(&@@|w
V(gn(s) | 90(77 =S |’Y>
= limsup — log _
I ( v(En(s)) )

But when n € I(s), the formula (8.11) and the definition of G,, imply

v(En(s) | 0oy =5 _
(8.17) %logb< ( (3(|5n(;)) m) =n"" ) kg€

BEV,
Z gn 1 1 i=1 )(ﬂ)
BEVR
where V,, = {8 € D(&, (s)) B < 7}. By (8.13) and the fact s € IND,
(8.18) Jdim ™'Y g ((Ema(s))iny) (B) = d™ ' (s0 — sp)-

nel(s) BEV,

(8.16), (8.17), and (8.18) together imply the first statement of (7.2). A similar
argument shows that the second statement of (7.2) is true. Thus the claim is
proved.

All that is left is to prove (8.12). As noted before v-a.s., lim, oo E,[So | 0(Py)] =
So. Since (Py),~, encodes a coordinate induction rule, the second equation of (7.2)
and the preceding statement imply for v-a.e.-u,

m 1 AT BSol&i(w)] 2 g1 .
Jim Ogbﬂ)b sEy - ¢ TW

Thus the statement (8.12) follows for v-a.e.-u € {s: U(s) > 0}.

Now consider the case where s € IND and U(s) = 0. Note that Sp > 0, v-a.s.,
since the diffuseness order of k is > 1. We suppose sg = Sp(s) > 0. Fix 0 < z < so.
There exists a N(s) so that for all n > N(s), E,[Soy | £n(s)] > z. Further for such
n, if £,(s) # £,—1(8), then statement (8.13) for p = m + 1 implies

—a Sl | L o
(Hb >u<s ="

1=0

If €,(s) = En_1(s) = ... = Ep—i(s) # En—i—1(8), then

n . 1 .
p=d ' EulSolEi ()] | __—____ < pluizgy )72,
(H ZEAC) R
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A comparison test with Y C(s)n~2 for some C(s) shows convergence.

Proposition 8.7. If k is a basic multispectrum of order a > 1 and with spreading
measure v, so that k-a.s. So < d, then there exists a coordinate induction pair
((Pn)oro,r) for K for which

oo n 1
8.19 b~ r(&;(s — < 0.
8.19) ) (H & >>) -

Proof. Let (’Pn>fl°20 be a positive filtration base guaranteed by Proposition 8.6.
Since the order of k is greater than 0, k-a.s., Sp is non-atomically distributed.
Thus, d > E, [So | £i(s)] > 0 for any s and ¢. Thus there exists uncountably many
1-1 functions, r, with range in {0}U[1, b], such that 7(f)) = 0, and for all s € [0, c0]“,
and 7,

)

log, (r(&i(s))) € [ 1

Any such r is a transfer map for (P,) -, and (8.19) follows from (8.12). But for
v-a.e.-s, E, [So | £(s)] converges to so. Thus log, (r(&i(s))) converges to 1 — 22
v-a.s.

(1 - d_lEU [SO | SZ(S)]) 71 - d_lEU [SO | gl(S)])

9. THE MULTISPECTRAL THEOREM IN R"™ :
NECESSARY AND SUFFICIENT CONDITIONS

Theorem 9.1. LetT ={0,...,b— 1}N and pgq be as before and k be a finite reqular
Borel measure on [0,00]**. If k satisfies both
(1) k-a.s.-s, so < d, and
(2) there exist a sequence of non-negative real numbers, {(a;).-,, and a sequence
of basic multispectrums, </£1->fi1, so that Zf; a; < oo and Kk = Z;’il a;k;.
Then k € S(1,p,)-

Proof. Fix a k; of condition (2). If k; is of spreading order > 1, then by Theorem
7.7 and Proposition 8.7, there is a measure valued process (A,),—, so that

P-as., 04, (Ao) € K

and if B is a Borel subset of [0, co]“t with x(B) > 0, then P(0,, (As)(B) > 0) > 0.
It follows from Theorem 6.6 that x; € S(r,,). If Ky = 6, for x € (0,d], then
using the main theorem of say [11], there is a random unidimensional measure of
dimension £ with respect to the ultrametric p;. Using (7.1), this last implies there
is a random unidimensional measure of dimension x with respect to pg. The case
ki = 6o is trivial since T is non-empty. Thus for all i, k; € S(7,,)- Since St ,,)
is a strongly closed cone, k; € S(T7 ) for all ¢ implies 221 a;k; 1s an element of
S(T,pa)-

Theorem 9.2 (Multispectral Theorem). Let d be a positive integer. The following
three conditions (1,2,3) are equivalent:

(1) & is a multispectrum of a Borel measure on [0,1]% (i.e., k € Sy 174).
(2) The statements (a) and (b) hold:
(a) k=Y o, ciky where (¢;);2, is a sequence of non-negative real numbers
with "2 ¢; < 00 and (K)o s a sequence of basic multispectrums, and
(b) k-a.e.-s, so < d.
(3) The statements (c), (d), and (e) hold:
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(c) for all B < a < wi, k-a.e.-s, $3 > Sa,
(d) for each countable ordinal 3, for nopgl-a,e._s, for every x € [0, 00], if @ is

)

an atom of (/@ o pgil) , then Ky, —sve = 0sxz where s — (/4: o pE_}d)
S S

)

is the factor kernel of ko pgj_l with respect to O0gy1.5, and U —kp,,  —u
is the decomposition kernel of k with respect to pg41.
(e) k-a.e.-s, so < d.

Proof. First we show (1) implies (3). Since [0, 1]¢ has dimension d, (e) holds. But

(c) and (d) follow from Theorem 4.3. Easily (3) implies (2) since (e) implies (b)

and Lemma 5.1 along with (c¢) and (d) implies (a). Lastly, we show (2) implies (1).
Let T'={0,1,...,b% — 1} with ultrametic pg. By Theorem 9.1, there exists a

finite Borel measure p € M*(T) such that oy, () = k. Let F: T — [0,1]? be the

function defined by

d

F((zi)i2y) = <Z b_"ww>

where xp, g%n,d—1 - ZTn,1 is the base b expansion of z,, (with zeros added to the left
if needed to expand out to z, 4). Now, o F~1 € M*(]0,1]%). It follows from the
net comparison theorems of Rogers [16] that for any Borel A in T and Borel B in
[0,1]%, the dimension of F'(A) in [0,1]¢ is the same as the pg-dimension of A, and
the pg-dimension of F~!(B) is the same as the dimension of B in [0,1]¢. Thus
0w, (mo F71) = 0y, (1) = .

J=1

Remark 9.1. At this point we can prove the converse of Lemma 5.1. Let T" denote

the Hilbert cube [0,1] x [0, 3] x [0, 3] x -+ x [0, 1] x - -+ with the metric

P ((Tn)ory s (Yn)per) =

Since for each d € N, the subspace Ty = {(z,),-; € T :forn=1,...,d, z, € [0, ],
forn > d+ 1, x, = 0} of T is an isometric copy of [0, é]d with respect to the
projection map of T onto its first d coordinates. Thus if k satisfies the conditions
of (2) for any d, then & is in Sip,). But if p is the infinite product measure
of ] wi where each factor p; is the normalized Lebesgue measure on [0,4], then
0w, (1) = boo. Thus every measure of the form of the conclusion of Lemma 5.1 is
in S(r,p). Thus every measure of the form of the conclusion of Lemma 5.1 has the
form of the hypothesis of Lemma 5.1 by Theorem 4.3.%

Remark 9.2. Tt is also true, but will not be shown here, that Theorem 9.2 is true
for Borel sets in the following modified sense. For every Borel subset B of [0, 1]¢,
then Theorem 9.2 is true if both the lines (b) and (e) of the theorem are replaced
by one the following lines:

(1) k-a.s., Sp < dim(B),

(2) k-a.s., Sp < dim(B),
where (1) is chosen if there is a finite Borel measure on B which is unidimensional
of dimension dim(B), otherwise (2) is chosen.

81t is also fairly easy to show that the converse of Lemma 5.1 is true directly without going
through Theorem 9.2 and Theorem 4.3.
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Remark 9.3 (Concluding). We conclude with the following remarks:

Let T be a compact metric space, and M (T)* denote the linear functionals on
the bounded countably additive Borel signed measures of 7' which are strongly
continuous. Let |u| denote the total variation measure of u for € M+ (T). The
following Representation Theorem can be found in Conway [3] (Theorem 5.12) and
is of the type that Mauldin attributes to Schreier in [12].

Theorem. Ify* € M(T)*, then there exists a bounded function @y« : M(T)xT —

R so that for all finite signed measures p and v, 1) @y« (u,-) is |p|-measurable, 2)

if [v| < |pl, then [v]-a.e., ©yu(v,-) = @yu(p,-) and 3) ™ () = [ Py (i, t)dp(t).
Such @4+ can be thought of as a local parameter map for the functional *.

It follows from Lemma 6.2 that the first order parameter extension map Ky~ :
M(T) — M(T x R) defined by

Ky (1) = po (id, Py, ) ™"
is linear and strongly continuous. However, Ky- may not have enough weak*
measurability to form the transfinite parameter extensions of Definition 3.2 since
the iterated integrals needed will not be well-defined.”

A function v from the Borel sets of T" into the non-negative real numbers is called
an increasing set function if it satisfies condition (1) of Section 2. (Examples:
1(A) = Hausdorff dimension of A, 1(A) = the packing dimension of A, ¥(A4) =
the irregularity coefficient of A in the cases where the Hausdorff dimension and
packing dimension of T are finite. If ' : T — [0,00) is bounded Borel, then
P(A) = sup{F(z) : x € A} also defines such a set function.) For such increasing set
functions, a positive linear functional * on M (T') can be defined by the formula

V() = inf D w(A)p(A)

AeP
where the inf is over all finite Borel partitions of 7" Let [|-|| , ., denote the essential

supremum norm with respect to p. If ’QZJ is defined by

P(A) = sup [ La®y-(p,o)ll, o0
neM+(T) ’

then it is not hard to show that when ¢ is an increasing set function, zE(A) satisfies
(1) and (2) of page 2, ¢ < 1), and ¢)* = ¢*. In this case the local parameter
function ®,- satisfies all the statements of the first order theory (Theorems 2.1,
2.2, and 2.3) except possibly the statement that ®y« is weakly Borel. If &, and
Ky« are sufficiently measurable, then the iterated integrals of the definitions of the
transfinite multiparameter extensions are well defined and the theorems of Sections
3,4, 5, and 6 are true. However the converse of Theorem 4.3 need not be true for
these increasing parameters. (Consider the example F' given above.)

9For example: Let T = [0,1] , let A denote Lebesgue measure on [0, 1], and let A be a subset
of [0,1] not measurable with respect to A. Define ¢*(u) = [@gu(z)dA + > c 4 zu({z}), where
gu(z)dX is the part of the Lebesgue decomposition of p which is absolutely continuous with respect
to A. In this case Ky« (A) = w* — [z X 6zdA(z) and Ky« (6z) = 14(x)6z X 6z+ Lac(z)bz X 8o
but [ [1y50dKy=(62)(t, y)dA(z) is not well defined.

0Potential /capacitance theory with this type of formula can be found elsewhere, for example
in [5]. Our interest here is merely the the line ¢)* = v*.

M Tricot gives some discussion on “o-stability” and also of the “irregularity of a set” in [17].
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On the other hand, let 7' = [0, 1]? with the Euclidean metric. For each ordinal
a, 0 < a < wy, the collection of maps <¢N)Q>N6M+(T) of Theorem 3.1 (3.4) defines

a positive linear functional, ¢%, the a-level dimension moment functional, on
M™(T) by the formula

(9.1) () = / inf gy, o () du(t)

where inf s = infg<, sg if s €[0, 00]*. There is also a unidimensionality moment
functional, ¢, , defined by
(9.2) Yy, = lim 7.

a—wi
The theorems of Sections 3, 4, 5, and 6 are true for the resulting transfinite sequence.
And if @ < wy, even Theorem 9.2 is true. However, for no a > 1, can ¢} be
expressed in terms U* for some increasing set parameter ¥. In fact , if § € [0,1(A)),
then there exists a Borel set, B, of finite positive §-Hausdorff measure so that
B C A. See Rogers [16]. Let us be defined by

ps (C) =H* (C N B)

where H® then it is not hard to show ps is unidimensional of dimension 6, and so
Dy (p,-) = 6 a.s., implying sup,ear+ (1) H1A<I>w; (, )H > 1(A), the capacitar-

p,00 =

ian dimension of A, for all a.. But 14®yx (p,-) < ¢ (A) p-as. for all p € M*(T).
Thus,

sup | 1a®ys (1, 0)]], oo = Y (A)-
pEM*(T)

So only %7 is generated by an increasing set function. That the more general
formula ¥}, (1) = limp Y 4 . 1 (A)p(A) holds for some bounded (although not an
increasing) set function ¢, a > 1, follows from a theorem of Mauldin under certain
set-theoretic assumptions.
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